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Abstract

Let R be a Noetherian commutative ring and f1, ..., f.
be a regular sequence in R. We introduce a frame-
work to study Supp(Hf (R/(f1,-->f:)) by linking the
Koszul cohomology of H} (R) on the sequence f, ..., f.
and local cohomology modules H{(R/( f1ses fo)- As
an application, we prove that if R is a Noetherian
regular ring of prime characteristic p and f,, f, €R
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Zariski-closed for each integer j and each ideal I.
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1 | INTRODUCTION

Let R be a Noetherian commutative ring and I be an ideal. Let I'; denote the I-torsion functor
defined via:

flrron
[;(M)=1{z €M |I'z =0 for some integer t}; T (M i) N)=T;(M) SN T/ (N).

It turns out that I'; is left-exact; the jth local cohomology of an R-module M, denoted by H ; (M),
is defined as R/T;(M); that is,

H/(M) = H/(0 - Q"),

where 0 - M — Q' is an injective resolution of M. It can be calculated by a Cech complex; cf.
Section 2 for details.
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20f24 | GINTZ and ZHANG

Since the theory of local cohomology was introduced in [3], the study of finiteness properties
of these modules, as well as their vanishing, has become an active research topic. The interested
reader is referred to [6] for a list of inspiring open questions on vanishing and finiteness properties
of local cohomology modules. One of these question asks whether the set of associated primes of
H } (R)is finite for each integer j and each ideal I in R. Some positive answers are known: When R is
aregular ring of equi-characteristic p [8], when R is either a regular local ring of equi-characteristic
0 or aregular affine ring of equi-characteristic 0 [13], when R is an unramified regular local ring of
mixed characteristic [15], when R is a smooth Z-algebra [1], and when either dim(R) or j is suffi-
ciently small (cf. [2, 4, 11]). Examples in [9, 16, 17] show that local cohomology modules may have
infinitely many associated primes. However, the following question (cf. [7, p. 3194]) remains open:

Question 1.1. Let R be a Noetherian commutative ring and I be an ideal. Is Supp(H } (R)) Zariski-
closed in Spec(R) for each integer j?

Note that Supp(Hf (R)) being Zariski-closed is equivalent to having finitely many minimal
associated primes. Hence Question 1.1 concerns with a finiteness property of local cohomology
modules. Ref. [7, p. 3195] states that “Clearly, this question is of central importance in the study
of cohomological dimension and understanding the local-global properties of local cohomology.”
Some positive answers to Question 1.1 are known: when j = 2 and H }(R) =Oforallt > 2[7, The-
orem 1.2] and when R = S/(f) where S is a Noetherian regular ring of prime characteristic p [5,
10].

One of the main results of this article is the following:

Theorem 1.2 (= Theorem 6.5). Let S be a Noetherian regular ring of prime characteristic p and
f1, [ be a regular sequencein S. Set R = S/(f1, f,). Then Supp(H} (R)) is Zariski-closed for each
integer j and each ideal I.

Our strategy to prove Theorem 1.2 is to link the Koszul cohomology groups of H{ (R) on a
sequence f to the local cohomology modules H ;(R /(f)) via a double complex. To wit, let R be
a Noetherian ring and f = f1, ..., f. be a sequence of elements. Let I = (g, ..., ;) be an ideal in

R. Let C"(g; N) denote the Cech complex of an R-module N on the sequence g and let K ‘(f;N)
denote the Koszul (co)complex of an R-module N on the sequence f. Let D denote the double

complex whose ith row is the Cech complex C '(2; Ki(f;R)) and whose jth column is the Koszul
(co)complex K*(f; C/(g;R)). Then there is a spectral sequence

Ey := H(K'(f; HI(R)) = HMI(T")

associated with D, where T* denotes the total complex of D (cf. Section 2 for details). The _following
theorem provides a framework to study Supp(H }‘ (R/(f))) via investigating H(K*(f; H } (R))).

Theorem 1.3 (= Theorem 2.4). Let R be a Noetherian ring, I = (g, ..., g;) beanideal, and f1, ..., f,
be a sequence of elements in R. Let E’" be as above. Assume that

(1) Supp(E fxf ) are Zariski-closed for all integers i, j, and that
2) f1,-»f.formaregular sequence in R.

Then Supp(H }‘ R/(f1, .- f.)) is Zariski-closed for each integer k.
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This article is organized as follows. In Section 2, we introduce and study a double complex
which links the Koszul cohomology of H ; (R) on a sequence f and the local cohomology mod-

ules Hf (R/(f)) and prove Theorem 1.3; Section 2 is characteristic-free and does not require R
to be regular. In Section 3, we introduce the notion of the (Frobenius) truncation of Cech com-
plexes which is one of the main technical tools in this article. In Sections 4 and 5, we prove that
HY(K"(f;, f; #)) has Zariski-closed support when f7, f, form a regular sequence in regular ring
R of prime characteristic p and . is an F-finite F-module. In Section 6, we complete the proof of
Theorem 1.2.

2 | AKOSZUL-CECH DOUBLE COMPLEX AND RELATED
SPECTRAL SEQUENCES

Let R be a commutative Noetherian ring and f1, ..., f. and ¢, ..., g; be two sequences of elements
inR.SetI = (g, .., g;) to be the ideal generated by ¢, ..., g,. For each R-module N,

(1) we denote by K*(f; N) the Koszul co-complex of N on the elements f, ..., f., which is the
R-dual of the Koszul complex K,(f;N), and

(2) we denote by C*(g; N) the Cech complex of N on gy, ..., g;:

80 s 52
t
0—>N— eai:lNgi - ®i1<i2Ngi19i2 -7 Ngl"'gt -0,
where 8! definedviad! : N, .. > N_ .. is defined as
gjl g]i gl’l ng—l

; (=1)'=Z— when j, - j;, = £, - by €
5l(ﬁ) = gjlmgji 1 l 1 N i+1
9 9, 0 otherwise

for each z € N. Note that H/(C*(g; N)) = H}(N).

Definition 2.1. The double complex, denoted by D := D(K*(f);C*(g)), is the double com-
plex whose ith row is the Cech complex C*(g;K!(f;R)) and whose jtﬂ column is the Koszul
(co)complex K*(f;C/(g;R)). T

We will denote the total complex of D by T°.

Example 2.2 (When ¢t = 2). The most relevant case for this article is when t = 2 and we would like
to spell out the double complex as follows. The Koszul (co)complex K*(f;, f; N) is the following
for each R-module N:

0> N N®? (_f2 fl) N -0

The Koszul-Cech double complex in this case is the following:
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0 0 0 0
0 R Gaf Rg./ 69j1<j2 Rg.h 8 o Rgl'“gt 0
(=f2 f1) (=f2 f1) (=f2 f1) (=f2 1)
- R®2 > @2 > ®2 .. > @2 >
0 R (Gaj Rgl) (@j1<jz Rghgjz) (Rgl---g,) 0

(%) () (%)

0 R ®J Rgf @j1<jz Rg.ilgfz o Rgl"'gl 0

(2.0.1)

Remark 2.3. As discussed in [18, section 5.1], there are two spectral sequences associated with our
complex D(K*(f); C* ().

One of them comes from taking horizontal differentials (in the Cech complexes) first and then
vertical differentials (in the resulting Koszul co-complexes). The resulting spectral sequence is:

E) 1= H'(K"(f1H](R)) = HI(T").

Recall that T is the total complex of D(K*(f); C*(g)).
The other one comes from doing differentials the other way around (considering vertical
differentials and then horizontal differentials):

By = HI(HI(K"(f;R)) = H™(T").

The fqllowing theorem, one of our main technical tools, indicates the connection between
Supp(EZ)) and Supp(H;‘(R/(fl, > f¢))) when f,..., f, form a regular sequence in R.

Theorem 2.4. Assume that

D Supp(Ei’oj ) are Zariski-closed for all integers i, j, and that
2) f1,->fcform aregular sequence in R.

Then Supp(H ;‘ (R/(f1,--> f.)) is Zariski-closed for each integer k.
Proof. The convergence
Ey := H(K'(f; HI(R)) = HMI(T")
amounts to a filtration of H*(T*) for each k:
0 C F*H*(T*) c F*"'HX(T*) C --- ¢ F'THX(T") ¢ F°H*(T*) = H(T")

such that FLEHK(T*)/FH 1 H*(T*) = EY" ! (with F*H*(T*) = EX?).
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Since Efx{ is Zariski-closed for all integers i, j, the Zariski-closedness of Supp(H*(T*)) follows
from the filtration of H¥(T*).

The assumption that f4,..., f; form a regular sequence in R implies that 'E>" has only one
nonzero row in which the entries are H;(R/(f7, .., f.)). Consequently, this spectral sequence
collapses, providing for each k the isomorphism

HYR/(f1,, fo)) = HY(T™)

which shows that Supp(H }‘ (R/(f1,-> f.))is Zariski-closed. O

In Section 6, we will prove that Sl_lpp(Ef;)j ) are Zariski-closed for all integers i, j when R is reg-
ular of prime characteristic p and E5/ are associated with the double complex (2.0.1). One of our
technical tools is to truncate the Cech complex.

3 | TRUNCATED CECH COMPLEXES

In this section we introduce (Frobenius) truncated Cech complexes, one of the main technical
tools needed in this article.

Let R be a Noetherian commutative ring of prime characteristic p > 0 and let ¢ € R be an ele-
ment in R. We will use R - gl? to denote the cyclic R-submodule of R, generated by g%, and we
will call R - q% the eth (Frobenius) truncation of R, . (Our convention is to consider R - 5 as the
Oth Frobenius truncation of R ,.)

Note that R - % is a finitely generated R-module; this finiteness plays a crucial role in this

article.

Remark 3.1. Let gy, ..., g, be elements in R. Recall that C"(g; R), the Cech complexof Ron gy, ..., g,
is constructed as follows:

0->R- @jo - @ jol'".‘]ji - @ jo]"'gji+1 - Rgl---g[ -0,

Jj=1 Ji<e<Ji 1< <Jin

where &' definedviaé' : R, ... —R is defined as

(-1 '——L— when j, - j, =28, Ly iy
)= 9j, 9, ' st (3.0.1)
Ji 0 otherwise.

Then it is clear that the image of the restriction of 5’ on R - ﬁ iscontained inR - ————.
9jy "9 919014
Consequently, if one replaces each module in the Cech complex C*(g; R) by its eth truncation, then
one will get a complex

t
0—>R—>@R- iee@R-ﬁem (3.0.2)
Jj=1 gj J1<l2 gjl ng
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Definition 3.2. The complex (3.0.2) is called the eth truncation of the Cech complex C*(g; R) and
will be denoted by ¢ *(¢;R), or C‘e' when the elements g, ..., g; are clear from the context. The ith
term in C*(g; R), will be denoted by C(g; R), and the ith differential in C*(g; R), will be denoted
by 8.

For each element 7 € ker(5") (respectively, 7 € ker(5é)), itsimage in H'(C*(g; R)) (respectively,
H(C*(g;R),)) will be denoted by [7].
Let R be a Noetherian ring of prime characteristic p. Let R®) be the additive group of R regarded

as an R-bimodule with the usual left R-action and with the right R-action defined by r'r = r?"y’
forallr € Rand v’ € R©. The eth Peskine-Szipro functor F¢ is defined via

104

FY(M) = R© QM FM i N) = R®© QM —> R®@ ®x N.

When e = 1, we will denote F! by F.
Note that, when R is regular, R is a faithfully flat R-module and hence F¢ is an exact functor
foreach e > 1 ([12]).

Proposition 3.3. Let R be a Noetherian regular ring of prime characteristic p > 0 and let F denote
the Peskine-Szpiro functor. Then

(1) F(R - ) =} —for every g € R.
(2) F(C* (g R),) = C (g,R)eJrl for all sequences of elements 9= 9155 Gr-

Proof. Note that F is an exact functor since R is regular.
To prove the first part, it suffices to note that the R linear map

/P
rf®1,_,%
g

6 : FR- —)— RV Q. R- 10 & L
g gP
admits an inverse
’—‘p}—ﬂ‘®(l
R-L¥>R(1)®RR~1=F<R-1>.
gP g g

The second part follows from the following commutative diagram:

1 1

FRR - ———) F(R - )
T 8ty gtm
1 1
R . pe+1 [,c+1 R . pe+1 pe+1
8 3] mgt‘iﬂ

where the horizontal maps are induced by the ith differential (3.0.1) in the Cech complex and the

vertical maps are the isomorphisms in the first part applied to the cases when g = g gl.J and

Ji
when g = ¢* fl e gP fm’ respectively. O
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For the rest of this article, we will denote by 6 the isomorphisms
F(CI(g:R) — C/(giR), F(CI(g:R),) — CI(giR)py; and F(CU(giR)y) — CI(giR),.

The natural inclusion R - ——— — R - — !
% G
cated Cech complexes: C*(g; R), — C*(g; R),.,; and hence induces an R-module homomorphism

H(C*(g;R),) = H'(C*(g;R),4,)- This produces a directed system:

o induces a chain map between the trun-

H'(C"(g;R)) = H'(C*(g;R);) = -+ = H'(C"(g;R),) = -~

whose direct limit is isomorphic to H }'(R).
Each element in H}'(R) can be represented by a cohomological class of the form [..., ﬁ, ]
i ; J1 i
Let H; (R), be the R-submodule of H} (R) generated by classes [..., gn;n ...] with n < p®. Then
g1 7l
H } (R), is precisely the image of H:(C*( g5 R),)inH ; (R); consequently H}'(R)e is finitely generated.
Furthermore, one can check that

) ker(6?)
H;(R), = .

" image(§i-1) N ker(8.) and F(H}(R),) = H}(R)e41- (3.0.3)

For the rest of this article, whenever it is clear from the context, we will write C *(g), or even
C*, instead of C*(g; R). B

One can replac?e the Cech complex with its (Frobenius) truncations in Definition 2.1 to form
the double complex

D, := D(K"(f7);C"(g).)

for each integer e > 0:

0 0 0 0
0 R @R%%@< . pﬂlpﬂ R- pﬁl _ 0
J 8; J1<)2 g &, g gl
e e e e € e e €
- ) - ) (5" ) 8 )
o2 L Lye2 L e L e
0——R - (@1 R gr‘,ﬂ ) — (®.i1<jz R gpﬁgr,ﬁ ) (R gpﬁmgpe ) 0
J 192 1 S
e I iy e
e e e e
2 2 2 2
0 R @R =@, R = R 0
J gj J1<J2 g“ g!z g g
0 0 0 0
(3.0.4)
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A priori, one can form the double complex D(K*(f?°); C*( 9)r) for two different integers e and
¢’. Since this is not needed in this article, we opt not to explo?e it here.

We will denote the total complex of (3.0.4) by T;. When taking the horizontal differentials
(those in the truncated Cech complexes) and then the vertical differentials in (3.0.4), one obtains
a spectral sequence:

By = HI(K"(f; HI(C,) = H™*I(T). (3.0.5)
We will denote the differentials in (3.0.5) by

gl B EL

Since F is an exact functor, one can check F¢(K*(f;R)) 2 K*(f P". R) for any sequence f of ele-
ments in R. On the other hand, according to Proposition 3.3, F*(C*(g),) = C*(g), for any sequence
g of elements in R. Consequently, the double complex D, can be obtained by applying F° to D,.
~ According to Theorem 2.4, it suffices to analyze the double complex D. One of our motivations
to introduce the double complexes D, is that a great deal of information of D is already encoded
in D, in which every module is finitely generated. As shown in the sequel, one can link D, with
D using the Peskine-Szpiro functor F. This link is rather intricate since D, is directly linked with
D, via F¢ (the differentials in the Koszul (co)complex in D, come from the elements f7 g f f ", not

f1.12)-

4 | KOSZUL COHOMOLOGY OF F-FINITE F-MODULES

Let R be a Noetherian regular ring of prime characteristic p > 0. In this section, we will investi-
gate E;’J in the E}"-page coming from the double complex D has Zariski-closed support; that is
the Koszul cohomology H:(K*(f; H{ (R))). Instead of local cohomology modules H} (R), we will
consider all F-finite F-modules. To this end, we begin by recalling the definition and basic facts
of F-modules (cf. [14]).

(1) An R-module . is an F-module if there is an R-module isomorphism
0 : M - F(M)=RY @ M
called the structure isomorphism.

) 1f (#,8,) and (/#,6 ) are F-modules, then an F-module morphism from (#,6 ,) to
(&, 8 ) consists of the following commutative diagram:

J N

bk

1
RM ®r Y/ ﬂ)R(l) ®r N

We will simply write this F-module morphism as ¢ : .# — ./ whenever the context is clear.
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(3) A generating morphism of an F-module is an R-module homomorphism 8 : M — F(M),
where M is an R-module, such that .# is the direct limit of the top row of the following
commutative diagram,

M— v L2 Py ——
Lﬁ lF(ﬁ)
F(M) ——> O (M) —=> ) — S PM) —

and the structure isomorphism 6 : .# — F(/) is induced by the vertical morphism in the
diagram.

(4) An F-module ./ is F-finite if it admits a generating morphism 8 : M — F(M) where M is a
finitely generated R-module.

(5) Each F-finite F-module . admits an injective generating morphism 8 : M < F(M) where
M is a finitely generated R-module; (M, 8) is called a root of /.

(6) Foreach f € R, the localization R  is an F-finite F-module.

(7) Given elements g, ..., g, € R, the Cech complex C*(g;R) is a complex in the category of F-

finite F-modules; that is, each module €/ is an F-finite F-module and the differentials 67 in
this complex are F-module morphisms. .

(8) ker(6/) and image(8/) are F-finite F-modules and consequently H } (R) is an F-finite
F-module for each integer j and each ideal I in R.

A

Let ./ be an F-finite F-module and 8 : M < F(M) is a root. Let R® — R* - M — 0 be a pre-

sentation of M where A is an a X b matrix whose entries are elements of R. Then we have the
following commutative diagram:

A

RP R¢ M 0
Rb AT, Ra F(M) 0

where AlP denotes the matrix whose entries are the pth powers of the corresponding entries
in A and U is an a X a matrix with entries in R. To ease notation, we will denote this diagram

by
U
coker(A4) — coker(AlP]).

Let f, ..., f. be asequence of elements in R and let H'(f; —) denote the ith Koszul cohomology
functor. That is,

¢ 5,
Hc(z;N)EN/(j_fN) and HO(]_‘;N)Eﬂker(NﬂN)
j=1

for each R-module N.
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10 of 24 | GINTZ and ZHANG

Theorem 4.1. For each F-finite F-module ./, we have that Supp(H (f; 4 )) and Supp(H°(f; 4))
are Zariski-closed, where f = {f, ..., f.} is an arbitrary sequence of elements in R.

Before we proceed to the proof, we remark that the special case of Theorem 4.1 when ¢ = 1 and
M =H } (R) recovers [5, Theorem 1.1] and [10, Theorem 7.1(c)].

Proof of Theorem 4.1. To treat the Oth Koszul cohomology, we consider the following
diagram:

p] 1p%1
coker(A) — %~ coker(AlPh) — Y- coker(AlP’]) ur
fi fi fi
: : : (4.0.1)
fe fe fe
(U'py®e (ulr*hyec

coker(A)® — Y% coker(alphy®e T (oker(alrly®e

Each square in this commutative diagram

¢

ulr‘l

coker(AlPy —— =5 coker(AlP*"'))
f1 f1
fe fe

. 171 o
coker(AlPy® U coker(AlPyee

commutes since ULP] f i=f jU[Pe] for each f. Therefore (4.0.1) is a commutative diagram. One
can check that the direct limit of (4.0.1) is

f1
fe
M —S

It follows from the proof of [10, Theorem 7.1] that

(ker(Ulij oo U)) :Ra fj)
,Jj>0

fj
Supp(ker(# — M)) = Su .
PP PP ker(U[Pj] --U)

Consequently

Pl...1) :
Supp(H'(f; 4)) = Supp <(keT(U P U)) tpa (frs o ,fc)>’ 0

ker(UIP'] ... U)

which is Zariski-closed.
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To handle the cth Koszul cohomology, we consider the following diagram:

(ulrhyee U[pzj)e;c

coker(A)® — Y% coker(alPh®e T coker(alrlyee (

(frrnfe) (Frrefe) (Frrnfe) (4.0.2)

ylr! yir’l

coker(A) v . coker(AlPl) coker(AlP*)

Each square in this commutative diagram

) [p¢1y®c .
coker(AlP1ye wry coker(AlP"Ty®e

¢ Pl e+1
coker(AlPTy — Yo coker(AlP'h

commutes since U!P‘! f i=1rj UlP°l for each f ;- Therefore (4.0.2) is a commutative diagram. One
can check that the direct limit of (4.0.2) is

Each element in .Z can be represented by an element z € coker(A[P]) for some e. Let p be a prime
ideal of R. This element becomes 0 in H°(f; .#),, if and only if there is an integer j such that

(U[pw] - UlPhz e (image((fl, wos fe)) + image(A[PHjH])).
Therefore,

H(f;40), =0 LJJ <(image((f1, oy f)) + image(AlP ) 1, (UIPT) U[pe]))p =R}, Ve.

A
Recall that M is assumed to have a presentation R® — R* - M — 0.
Since

e+j+1

<(image((f1, s o)) + image(AlPT ) 1. Pl .. U[pe])>[p]

e+j+1]

= (image((f?, ..., fP)) + image(Al?" 1)) : o (UIP L Ulpty

e+j+2] e+j+1]

C (image((f, ..., f.)) + image(AlP"" 1)) < po (UIP ylrly,

one can check that

e+j+1])) po (U[pe+_i] U[pe])> _ Rg

(Ht(i; M), =0 U <(image((f1,... ,f.)) + image(AlP ,
J
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if and only if
(H(f30), = 0 < | J ((image((fy, ., fo)) + image(alP’ ™) : go (UIP) - U>)p
J

= Rg (that is when e = 0).

This proves that
Supp(H'(f; ) = S K2
u ; =Su - -
PR kP (image((f1, .., f.)) + image(AlP*'1)) @ pa (UIP'] ... U)
which is clearly Zariski-closed. [

The most relevant case to this article is when f is a regular sequence in R. We pose the following
question:

Question 4.2. Let R be a Noetherian regular ring of primes characteristic p and f be a regular

sequence in R. Is it true that Supp(H!(K*(f;.#))) is Zariski-closed for each integer i and each
F-finite F-module .#? -

To the best our knowledge, Question 4.2 is open as stated. In the next section, we will show that
it has an affirmative answer when f = f, f,.

5 | REGULAR SEQUENCES OF LENGTH 2
In this section, we consider the case when ¢ = 2; that is, when R is an F-finite Noetherian regular
ring of prime characteristic, f, f, form a regular sequence in R and . is an F-finite F-module.

The main goal in this section is to prove the following result:

Theorem 5.1. Supp(H'(K'(f,, f,;#))) is Zariski-closed for every F-finite F-module ./ and
arbitrary elements f, f, in R.

Before we can prove Theorem 5.1, we would like to consider a special case of it:

Theorem 5.2.  Assume that an F-finite F-module M is (f,,f,)-torsion. Then
Supp(HY(K*(f1, f»; A))) is Zariski-closed.

Proof. 1t follows from the following long exact sequence of Koszul cohomology
. . f .
0 — H(K"(f1, f23 M) = H' (K (f 15 00)) < H'(K"(f1; 40))
. . f . .
< H' (K (f1, f500)) = HOK"(f13 M) < HK" (f1;0)) < HK"(f1, f2340) < 0

that
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Supp(H' (K" (£, f3 )
= Supp(coker(HO(K"(f ;.40)) 2> HOK" (f 5 40)) | Supp(ker(H (K" (f;.0)) 2> H'(K' (f 15 0))).

Note that swapping f; and f, does not affect H'(K*(f;, f,; ./ )); consequently

Supp(coker(HOK " (f53.40)) 2 HOK" (f 5 M) € Supp(H' (K" (1, f 13 ).
Hence
SUpp(H (K" (f1, f23 0)) = Supp(coker(HO(K" (f 13 ) 2> HOK" (£ ;.00))
| Supp(coker(H (K™ (f: ) 2 HOK"(f:.40)

| Supp(ker(H (K" (f,:.40) 2> HIK (f 15 0)).

First we treat Supp(ker(H (K" (f1; .#)) ﬁ» HY(K*(f,;#)))). Note that

Ker(H' (K" (3 40)) 2> H' (K" <f1,/%))>”kef< e frl >_f1f ZEE)
1 1

frtt

Let L denote a root of .#; that is, L is finitely generated R-submodule of .# equipped with an
injective R-module morphism § : L — F(L) that generates the F-module .#. We will set L,
F¢(L) C 4 and view L, as a submodule of L, ; via the injective R-module morphism F¢(). Note
that # = U, L,.

Claim 1. Supp (%) = Ue>1 Supp <f1;"%r;%Len:LLEf2>'
tflf %/ﬁfz =0.Foreache>1and z, € (f,#4 NL, :1, f5), it follows that f,z, €

1.
AN,
f14# NL, C f,4 and consequently z, € f,.# N L,. This shows that flfr;”—enLL‘?fz
1760 e

that is,
1l /%fz fillnL, i, fr
S S .
upp( 2 [ J Supp FAnL

e>1

Assume tha

= 0 for each e;

J1#NLe , fo .
—fl/%eﬂLe = O0foreache.Foreachz € f1 ./ : , f, C M, there

isan e such that z € L,. Consequently frze f1lnNL, andhencez € fi. 4 NL, C f,# by the

assumption. This shows that Lt 7 /;’ 2 = 0; that s,
1

filnL, :; f
Supp<f1 /%f2> USupp(—1 flﬂn;; 2).

ex1

On the other hand, assume that

This finishes the proof of our Claim 1.
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f1dnL:f J1lnLe:y, [o
Claim 2. Supp( lf il Ho— L) = Ue>1 pp(—fl/%ﬂLe )

MNL, - .
It suffices to show that if % = 0, then % = 0 for each e > 1. Applying the
. . P unt,:, £ .
functor F¢(—) to the assumption LdoLinfy 0, one deduces that fle—Lefz = 0; that is,
f14tnL fr e,

YL, iy [ =7 L,

Letz, beanelementin f1.# NL, :; f,.Since # is(f}, f;)-torsion, there exists an integer j such

that £I7'z, = 0. Since f2°(f"""'z,) = 0 € f¥" .4 N L, it follows that fI™""'z, € f*"u nL,.

Repeating this process, one deduces that z, € f f /A L, C f,4 N L,. This proves our Claim 2.
Combining these two claims shows that

filnL:p f,

FanLl )

Supp(ker(H' (K (fy;0)) 2 H'(K*(fy: 40)))) = Supp(

which is Zariski-closed as L is finitely generated.
It remains to prove that

Supp(coker(H(K" (f,; 40)) > HOK" (f,; 40)) | Supp(coker(HO(K" (3 40)) L5 HOK (: 40)))

is Zariski-closed (which will complete the proof of our lemma).
Note that

HK*(f1;40)=©: , f1) and HK'(f;4)) = : 4 f5)

and consequently

0 0 ~ 0 :x f1)
cokerii (fl’/%)) — RGN = 20014 f1)
coker(HO(K"(f;)) 25 O (1t y)) = o J2)

F100 2 4 f2)

Since M = U,,L,, it is straightforward to check that
04 fr > Oy, f1)
Supp <— Supp
120 4 f1) LeJ 2004 f1)N(0 Lfl)

Oy f) > 0, f2)
S _ S
upp<f1(0 i)"Y upp<f1(0 PIBRICERD

Since L is finitely generated and is (f;, f,)-torsion, there is an integer e, such that

(5.0.1)

W fFL=f"L=0,
() f1(0 /%fz)n(O-sz)=f1(0 ', J2)n (0 f3), and
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) 2014 fONO L f)=f20:, f)NO 1 f1)

Note that f f L= f 5 “L=0 implies that

0 +e

en+e
L= L, =0 (5.0.2)
for each integere > 1.
Claim 3.

© 0 1) ) ( Oy ) >
S”""(fz(o i) P\ R0,

< ©:1 1) g Oy IV
= U
P <f2(o - TN 0O f1)> AV ECEP A IR

S (0 ‘L f2) S (0 :Leo f2)
? upp(fl(waz)n(O :Lf2>>u PPN PO, 1)

The inclusion D follows from (5.0.1); it remains to show C. To this end, assume that

* (0:p f1)Cf200:, f1)

* (0 "Ly ) CF200: 4 f1)

* (0:p f2) € f1(0: 4 f3),and
* (0 "L, F2) €110y )

and we need to show (0 : , f1) = f,(0: 4, f1)and (0 : , f5) = f1(0 : 4 f2).
Note it follows from our choice of e, that (0 :; f;) C f,(0 'Ly, fand (0 :; f,) C f1(0 "Ly,

f2)
Given the symmetry between f; and f, it suffices to show that (0 : ;, f1) = 50 : , f1)-

Letz € (0 : 4 f1) be an arbitrary nonzero element. Then z € (0 :; f}) for an integer e since
M = U,L,. It follows from (5.0.2) that fgeoﬂz = 0 since f§€0+eLe = 0. That is,

2€0:, 77Oy, f1T)=F0 1 £) SR, )= 0, f).

ey +e 2 2ep+e

peote_q

1 (f1y)- Note that

. . ept+e peote
Hence, thereisany € (0 @, . fy) " ))suchthatz=f7 " y=f
eo+e

Gy = Fuf "y = fiz=0

which implies that

peote ep+e

fye© i, U= FO ) SFU0 g fi) = 120 1),

. . pe0+e peo+e
Thus, thereisaw € (0 : , f7 )suchthat f1y =5 w.Set

p€0+€_1 p£’0+€_1
x=f f

8518017 SUOLULID BAIRR1D 3|eal|dde au Aq peusenob ake seiie YO ‘8N JO S3|n1 1o} ARIqIT BUIIUO AB]IM UO (SUOHIPUOD-PUE-SWIBILI0Y B 1 ARe1q U UO//SANY) SUORIPUOD PUB SW. | 3} 88S *[9202/50/20] U0 ArigIauliuo A8|Im ‘sioul|] JO AISBAIUN AQ 99p02 SWI/ZTTT'OT/I0p/W00 A8 1M ARl 1BUIIUO™0CSyJeLpUO|//:SdNY WO pepeojumod '€ ‘9202 ‘052L697T



16 of 24 | GINTZ and ZHANG
Then
Fox = LB T = T = Py = Py =2
and
Frx = frf BT R = P P = 0

since ffeww = 0 by the choice of w. This proves that z = f,x and x € (0 : , f;); thatis, z €
f>(0 : 4, f1) and hence completes the proof of our Claim 3.

Note that Claim 3 implies Supp(%) U Supp(%) is Zariski-closed since both L and
L,, are finitely generated. / '
Combining our 3 claims completes the proof of our theorem. O

We now return to the general case when ./ is an arbitrary F-finite F-module. Let I' denote
L, fz)(/% ). The short exact sequence

O0->T>M—->M|T—-0

induces an exact sequence on Koszul cohomology

0= HOK"(f;.0/T())) — H'(K*(f;T)) = H' (K" (f;.4)) = H' (K" (f; 4 /T)) % HAK(f;T).

(5.0.3)

The connecting morphism & can be constructed as follows. Each element in H!(f;.# /T) can

be represented by a pair (a, b) with —f,a + f;b = 0 € 4 /T and a,b € ./ /T; equivalently, each

element in H'(f; .4 /T') can be represented by a pair (a, b) in .4 @ 4 such that —f,a + fb €T.
Then B

r

5((1, b) = —fza + flb (S m

= H*(K'(f31)).

Following notation in the proof of Lemma 5.2, we denote by L a root of .#; that is, L is a finitely
generated R-module with an injective R-module morphism 8 : L — F(L) that generates /.

(0L f) _
(LAl f N0 ((FTH L : L F])

Lemma 5.3. Supp(ker(d)) = Supp ( ) In particular, it is Zariski-

closed.

Proof. First we would like to prove that following claim.

. 1y f>)
Claim. Supp(ker(d)) = Su ( M : )
pp(ker(9)) PP (1l g Nz f])

To prove our claim, we show that

ker(8) = 0 & (f1ll : 4 f2) = (Frdl = 4 F) 0N (FT <y ).
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Each element in ker(8) can be represented by (a,b) with a,b € # such that f;b— f,a €
(f1, fo)I. That is, there are u,v € I such that f,b — f;a = fyu + f,v. By replacing a, b with
a + u, b — v (which does not change the images of a, b in ./ /T'), one can assume that f,a = fb.

Assume that ker(8) = 0. Given each a € (f, .« : , f5), there is an element b € . such that
f,a = f1bandhence (a, b) produces an element in ker(§) which is zero by our assumption. Hence
there is an element ¢ € .Z such that

(f1¢, f>0) = (a,b) € ( /T)®?;

that is, there is an integer j such that f{(flc — a) = 0 which implies that a € (f{“/% ‘u f{).

This proves that (f, 4 : , f3) = (f1l = 4 )0 Q;(F] <y F1).

On the other hand, assume that (1% : , f,) = ({14 : 4 fz)n(uj(f{H% ‘u f{)). Let
(a,b) be an element in ker(8). According to the discussion above, we can assume that f,a = f;b
and hence a € (f,.# : 4 f,). It follows from the assumption that there is an integer j such that
f{a = f{“c. Then

P ae=b) = £l a= b = fofla— £ = £17b - f1b =0
and hence

(f16, f2¢) = (a,b) € (4 /T)®*
which shows that (a, b) = 0 € H(f; 4 /T). This finishes the proof of our claim. O
p

It remains to show that

S ( (1l . 1) >
HpP . J*l J
1ol F)N S 1)
- Supp< Ul nt :L]{21) - )
1l 0L 5 £) 0 QoL 2 f))

which is equivalent to proving
Fr = ) € Ujo(f{™ 2y f) & (Frl 0L 2y ) CUo(f{T 0L 2y f)).

We begin with the implication =. Assume that (f,.# : , f,) C Uj>0(f{+1/% i fD-Letae
(f14 NL :p f,)be an arbitrary element. Then, as L C ./, there is an integer j and element ¢ €
A such that fa = f{“c. This shows thata € (f{“.% NL :; flsince fla = f{“c IS f{“/% N
L. This proves the implication =. , .

We now prove the implication <. Assume that (f,.Z nL :; f,) C szo(ffﬂ/% NnL:; f{). Let
ae(f14 : , f,)beanarbitrary element. Then f,a = f,b for some element b € /. Since # =
UesoLe, there is an integer e such that a € L,.

Apply the functor F¢(—) to (f;.#4NL :; f,) C Uj>0(f{+1/% NnL :; f{). Letae (f1A4 : 4 f)
imply that
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UYL, £ oo™ anL, oy, f17).
The equation f,a = f,b implies that ffeffe_la = ffefé’e_lb and hence
e_1 e e i+1)p¢ ;e
fflae(fPunL, i 1Yot L, oy £
Therefore, there is an integer £ and element ¢ € ./ such that
£+1)p—1 £p° ppt—1 £+1)p°
f§+)p a=f1pff a:f§+)pc
which implies that
£+1)p° +1)pt—1 j+1 j
ae (Pl 17T SO g ).
This proves the implication < and hence finishes the proof of our lemma.
Proof of Theorem 5.1. 1t follows from the exact sequence (5.0.3) that
Supp(H' (K" (f1, 23 #))) = Supp(H' (f; 1)) U Supp(ker(8)).
Combining Theorem 5.2 and Lemma 5.3 completes the proof. O

Combining Theorems 4.1 and 5.1, the following result is immediate:

Theorem 5.4. Let R be a Noetherian regular ring of prime characteristic p and f, f, € R form a
regular sequence. Then, for every F-finite F-module, Supp(H'(K*(f, f; #)) is Zariski-closed for
each integer i.

6 | THE SUPPORTOFE; WHEN ¢t =2

In this section, we prove that the support of E&{ is Zariski-closed for all integers i, j and the main
theorem of this article: Theorem 6.5. Let R be a Noetherian commutative ring, I = (g, ..., g;) be an
ideal, and f,, f, € R be a regular sequence. Then the Koszul (co)complex K*(f; R) and the Cech

complex C*(g; R) induce the double complex (2.0.1) introduced in Section 2. This double complex
induces a spectral sequence whose E,"-page is as follows:

EY := H(K'(f;H](R))) = H*I(T").
Note that when ¢ = 2 there is only one (potentially) nontrivial differential on the E,-page:
0,j . 0,j 2,j-1
d,” 1 E;” > E .
Consequently

EY =E)Y, EY =EY =kerd)), EX =E}’ = coker(d)). (6.0.1)

0o 2 00
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We have seen in Section 5 that the support of E;’j =H'K'(f1, [ H } (R))) is Zariski-closed. It
remains to show that both Supp(ker(dg” )) and Supp(coker(dg” )) are Zariski-closed. To this end,
we begin with analyzing the construction of dg”.

Remark 6.1. We would like to recall the construction of dg’j ; the interested reader is referred to [18,
5.1.2] for more details. In order to cover the double complexes (2.0.1) and (3.0.4), we will consider
a first quadrant double complex formed by the Koszul co-complex K*(¢; R) on two elements ¢, ¢,
and a finite complex C* of R-modules (differentials in C* will be denoted by d;l):

0 0 0 0
0 C? c! C? Cs 0
(-2 1) (-2 1) (-2 1) (-2 1)
0 (C0)®? CH® — () —— .. — (¥ ——0 (6.0.2)
(2) (2) (2) ()
0 C? c!t C? (o 0
0 0 0 0

Each element [n] € HO(K*(t,t,; H/(C")) is an element [n] € H/(C*) such that (¢,[7], Ln)) =
(0,0) € (H/(C*))®?; equivalently [] can be represented by element € C/ such that dil(n) =0
and there are elements (¢, &,) € (C/~1)®? such that

dil_l(al) =tn and dil_l(az) =00
Consider —t,a; + t;a, € C/71. Since
dil_l(—tzoc1 +ta,) = —tzdil_l(ocl) + tldil_l(ocz) =—t,Hn + t;t,n =0,
the element —t,o; + £;0t, € C/~! represents an element [—t,a, + t;a,] € H/=1(C*). Then

Hj—l(c.)

40 =Tty + o] € B = I (st CON = (s

For instance, the edge map in the spectral sequence associated with the double complex (3.0.4)
ool HOK (Y, f2 s HI(C (9),) » HAK (Y 2 i HIT(C  (g),)

can be described as follows. Each element [] € HOK*(f?, f v L HI (C"(g)e)) is an element [n] €
HI(C*(g),) such that (f fe ], f 58 [n]) = (0,0) € (H/(C*(g),))®* equivalently [5] can be repre-
sented by element 7 € C/(g), such that §/(n) = 0 and there are elements a;,a, € C/~1(g), such
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that
87 W) = fF'n and 677Ny = fEy.
Consider —ffeoc1 + ffeoc2 e ¢/ Since
SN (=P 20y + fa) = —fF 8T ) + P8 ) = — 2 P+ U =0

the element —ffeoc1 +ffeoc2 € Ci~1(g) represents an element [—ffeoc1 +ffeoc2] € H{_l(R).
Then B

HI7H(C"(9).)

0,j _r pe pe H2 K' pe’ pe;Hj_l C" ~ .
2o =[=f3 o + fy ] € HIK'(f . f “m<ﬁﬁwﬂﬁ@>

(6.0.3)

To ease notation, for the rest of this section we will denote the Cech complex C*(g) by C* and

its eth truncation C*(g), by C;.
Recall that the double complex D, induces the spectral sequence (3.0.5):

EN 1= HIK"(f:HI(C) = H¥(T))
with the differentials
@il HOK(f3HIC)) = HAK (f3 HIZHC)).

Let Ké C ker(éé) C é(})- be the submodule whose image in H/(C") is the kernel of qog’j , Where Sé
denotes the jth differential in C'(;. Note that

€Y Kg is a finitely generated R-module since C‘é is so;
ker(8))

— 0 where §/ denotes the jth
ker(éé)mmage(df—l)

(2) the image of H/ ((f(;) in H{ (R) is isomorphic to
differential in C*; this is contained in (3.0.3).
First we treat Supp(Egg,j ) which is Supp(ker dg’j ) (6.0.1) and we begin with the following
lemma.

Lemma 6.2. Let R be a Noetherian regular ring of prime characteristic p. Let qog’g be defined as
in (6.0.3). Let Kg be the submodule ofker(ég) C C‘g whose image in Hj(C'e') is the kernel ofqog’i. Let
0: Fe(éé) = ¢ denote the isomorphism in Proposition 3.3. Then

6(F*(K))) = K.

Proof. This follows from the commutative diagram below and the fact R is a faithfully flat R-
module.
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1 -1 1 1
R(e) ® (CJ ® C] ) C] ® CJ
185" @53‘1)l isileaﬁil
xj j xJ xJ
ROQ(CIC)) Cle !
I
I J
18(/) 1®<ée>
5 ~ %
R®@ ® CO Ce 0O

Theorem 6.3. Let R be a Noetherian regular ring of prime characteristic p and let E" be the E,-
page of the spectral sequence associated with the double complex (2.0.1). Then ker dg’J = Oifand only
ifK! C image(8/~1); that is,

0, 0, Ky
Supp(E;) = Supp(kerd,*) = Supp , . . (6.0.4)
K(J) N image(8/~1)

. 0,j 0,jy I
In particular, Supp(E,.) = Supp(ker d, Y is Zariski-closed.

Proof. The second statement follows from (6.0.4) since Ké is finitely generated.

To complete the proof it remains to show that ker do’j = 0 if and only if Kj C image(5/71).

Assume that d is injective and [n] € KJ One needs to show that [5] € image(5/~1). Since
[n] belongs to KJ , its image in H/ (CO) must belong in ker(qoz,o). It follows that the image of [7]
in H; J (R) must belong in ker(do’j ). Since do’j is injective, the image of [n] in H } (R) must be [0],
wh1ch implies that [n] € 1mage(51 b, ThlS proves the “if” statement.

Assume that KJ C image(8/1); that is, if P, (J]([n]) = [0], then % € image(6/~1) (equivalently,

the image [n] of n in H ; (R) is zero). Note it follows from Lemma 6.2 that
KZ = Fe(Kg) C F°(image(8/71)) =~ image(6/1),

where the last isomorphism follows from the fact that 6/~! is a differential in the Cech complex
and hence an F-module morphism. _

Let [7] be an element in ker(dg’] ), it remains to show that [7] = [0] € H} (R). Since [7] €
ker(dg’j ), there are elements 7 € C/ and a;, @, € C/~! such that

6 ay) = fi1, /7N ay) = for, and &Y ([7]) = [~ fra, fran] € (f1, f)H] ' (R).

Since there are f1n1te1y many cohomology classes involved, there exists an integer e such that
TE Ce, ay,a, € C)77, and that d, %J([z]) can be represented by an element in (f;, f,)H/~ 1(C ).
We will fix one such e and we con51der the double complex (3.0.4) for this integer e. It follows
that

S ay = fFrand (P ) = e
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According to the description of the edge map (6.0.3) associated with the double complex (3.0.4):

Pol(eh) = [—f1 7 ey + 1 e
= (PP O o fran]
e (P N fOHITHE)
e (7, fHHITC).

That is [r] belongs in KJ and consequently [7] € Kj c 1mage(51 D). Thus, the image of [7] in
HJ (R) is zero. This shows that, if Kl c image(8/71), then d, 0J is injective, which completes the

proof O

Theorem 6.4. Let R be a Noetherian regular ring of prime characteristic p and let E2 be the E,-
page of the spectral sequence associated with the double complex (2.0.1). Let H C H } _1(R) be the
submodule generated by elements that can be represented by elements in C‘é_l. LetLCH { _I(R) be
the submodule whose image in H ; _I(R) /(f1, [ )H } _1(R) is image(dg’J ). Then dg’J is surjective ifand
onlyif H C L; that is,

Supp(Eczx’,j = Supp(coker dg’j ) = Supp < ) (6.0.5)

HnNnL
In particular, Supp(Ecz,g,j = Supp(coker dg’j ) is Zariski-closed.

Proof. Since H is finitely generated (3.0.3), the Zariski-closedness follows from the “if and only
it statement

If d is surjective, then L = H’ '(R) and hence H C L.

Assume that H C L. Then Fe(H) C F¢(L) for each e since F is an exact functor. Note that
F¢(H) is the submodule of H; IL(R) generated by elements that can be represented by elements in

¢J7" and that F°(L) is the submodule of H!~'(R) whose image in /™' (R)/(f*", f*)H'®) is
image(gagi ).

Let [n] be an arbitrary element in H ; - (R)/(f1, f)H ; - (R). Pick an element 7, in (,V‘g ~! whose
image in H/"'(R)/(fy, f2)H) '(R) is [n]. Then [n,] € H] " (R) belongs to F¢(H). Hence [7,] €
F¢(L); that is, there are 7, € €/, &y ,, 5, € €' and By ., B, € ker(8}) such that

81t =0, 8 (@) = Pz, 817 @) = [V,
and that

7] = 93 ([ D)

e (4 € (4
= [_f§ Ale +ff aZ,e] +ff ;Bl,e +f§ ;82,9

= =L o) + [P T )+ [ T Bl + (Y T Bae):
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~ ptlptl_ 1 - e-1
SetT=fP " fF 7z, q = fF T a,and@, = f¥ " a,,. Then

si@=0,8" @) =17 8 @) = fF

and
] = (=120 e ) + 10T G+ NG T B + 08 )
= [=f8 + (i@l + [T 7 B + U8 B
= dy’ ().
This proves that [#,] is in the image of dg’j . This completes the proof. 1

Combining Theorems 2.4, 5.4, 6.3, and 6.4, the following theorem is immediate:

Theorem 6.5. Let R be a Noetherian regular ring of prime characteristic p. If f1, f, € R form a

regular sequence in R, then
i R
suwn (1 (7275 )
I (fl’ f2)

is Zariski-closed for each ideal I and each integer j.
The following corollary is immediate.

Corollary 6.6. Let R be a Noetherian commutative ring of prime characteristic p that has finitely
many isolated singular points. Let f1, f, € R be a regular sequence. Then H } (R/(f1, f2)) is Zariski-
closed for each integer j and each ideal I.
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