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Abstract
Let 𝑅 be a Noetherian commutative ring and 𝑓1, … , 𝑓𝑐
be a regular sequence in 𝑅. We introduce a frame-
work to study Supp(𝐻𝑗

𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐))) by linking the

Koszul cohomology of 𝐻𝑗
𝐼
(𝑅) on the sequence 𝑓1, … , 𝑓𝑐

and local cohomology modules 𝐻𝑗
𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐)). As

an application, we prove that if 𝑅 is a Noetherian
regular ring of prime characteristic 𝑝 and 𝑓1, 𝑓2 ∈ 𝑅
form a regular sequence, then Supp(𝐻𝑗

𝐼
(𝑅∕(𝑓1, 𝑓2))) is

Zariski-closed for each integer 𝑗 and each ideal 𝐼.

MSC 2020
13D45, 13D07 (primary)

1 INTRODUCTION

Let 𝑅 be a Noetherian commutative ring and 𝐼 be an ideal. Let Γ𝐼 denote the 𝐼-torsion functor
defined via:

Γ𝐼(𝑀) = {𝑧 ∈ 𝑀 ∣ 𝐼
𝑡𝑧 = 0 for some integer 𝑡}; Γ𝐼(𝑀

𝑓
�→ 𝑁) = Γ𝐼(𝑀)

𝑓|Γ𝐼 (𝑀)
������→ Γ𝐼(𝑁).

It turns out that Γ𝐼 is left-exact; the 𝑗th local cohomology of an 𝑅-module𝑀, denoted by 𝐻
𝑗

𝐼
(𝑀),

is defined as ℝ𝑗Γ𝐼(𝑀); that is,

𝐻
𝑗

𝐼
(𝑀) ≅ 𝐻𝑗(0 → 𝑄∙),

where 0 → 𝑀 → 𝑄∙ is an injective resolution of 𝑀. It can be calculated by a Čech complex; cf.
Section 2 for details.
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Since the theory of local cohomology was introduced in [3], the study of finiteness properties
of these modules, as well as their vanishing, has become an active research topic. The interested
reader is referred to [6] for a list of inspiring open questions on vanishing and finiteness properties
of local cohomology modules. One of these question asks whether the set of associated primes of
𝐻
𝑗

𝐼
(𝑅) is finite for each integer 𝑗 and each ideal 𝐼 in𝑅. Somepositive answers are known:When𝑅 is

a regular ring of equi-characteristic𝑝 [8],when𝑅 is either a regular local ring of equi-characteristic
0 or a regular affine ring of equi-characteristic 0 [13], when 𝑅 is an unramified regular local ring of
mixed characteristic [15], when 𝑅 is a smooth ℤ-algebra [1], and when either dim(𝑅) or 𝑗 is suffi-
ciently small (cf. [2, 4, 11]). Examples in [9, 16, 17] show that local cohomology modules may have
infinitelymany associated primes. However, the following question (cf. [7, p. 3194]) remains open:

Question 1.1. Let 𝑅 be a Noetherian commutative ring and 𝐼 be an ideal. Is Supp(𝐻𝑗
𝐼
(𝑅)) Zariski-

closed in Spec(𝑅) for each integer 𝑗?

Note that Supp(𝐻𝑗
𝐼
(𝑅)) being Zariski-closed is equivalent to having finitely many minimal

associated primes. Hence Question 1.1 concerns with a finiteness property of local cohomology
modules. Ref. [7, p. 3195] states that “Clearly, this question is of central importance in the study
of cohomological dimension and understanding the local–global properties of local cohomology.”
Some positive answers to Question 1.1 are known: when 𝑗 = 2 and𝐻𝑡

𝐼
(𝑅) = 0 for all 𝑡 > 2 [7, The-

orem 1.2] and when 𝑅 = 𝑆∕(𝑓) where 𝑆 is a Noetherian regular ring of prime characteristic 𝑝 [5,
10].
One of the main results of this article is the following:

Theorem 1.2 (= Theorem 6.5). Let 𝑆 be a Noetherian regular ring of prime characteristic 𝑝 and
𝑓1, 𝑓2 be a regular sequence in 𝑆. Set 𝑅 = 𝑆∕(𝑓1, 𝑓2). Then Supp(𝐻

𝑗

𝐼
(𝑅)) is Zariski-closed for each

integer 𝑗 and each ideal 𝐼.

Our strategy to prove Theorem 1.2 is to link the Koszul cohomology groups of 𝐻𝑗
𝐼
(𝑅) on a

sequence 𝑓 to the local cohomology modules 𝐻𝑖
𝐼
(𝑅∕(𝑓)) via a double complex. To wit, let 𝑅 be

a Noetherian ring and 𝑓 = 𝑓1, … , 𝑓𝑐 be a sequence of elements. Let 𝐼 = (g1, … , g𝑡) be an ideal in
𝑅. Let 𝐶̌∙(g ; 𝑁) denote the Čech complex of an 𝑅-module 𝑁 on the sequence g and let 𝐾∙(𝑓;𝑁)
denote the Koszul (co)complex of an 𝑅-module 𝑁 on the sequence 𝑓. Let 𝐃 denote the double
complex whose 𝑖th row is the Čech complex 𝐶̌∙(g ; 𝐾𝑖(𝑓; 𝑅)) and whose 𝑗th column is the Koszul
(co)complex 𝐾∙(𝑓; 𝐶𝑗(g ; 𝑅)). Then there is a spectral sequence

𝐸
𝑖,𝑗

2
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻

𝑗

𝐼
(𝑅))) ⇒ 𝐻𝑖+𝑗(𝑇∙)

associatedwith𝐃, where𝑇∙ denotes the total complex of𝐃 (cf. Section 2 for details). The following
theorem provides a framework to study Supp(𝐻𝑘

𝐼
(𝑅∕(𝑓))) via investigating 𝐻𝑖(𝐾∙(𝑓;𝐻𝑗

𝐼
(𝑅))).

Theorem 1.3 (= Theorem 2.4). Let 𝑅 be a Noetherian ring, 𝐼 = (g1, … , g𝑡) be an ideal, and 𝑓1, … , 𝑓𝑐
be a sequence of elements in 𝑅. Let 𝐸∙,∙

2
be as above. Assume that

(1) Supp(𝐸𝑖,𝑗∞ ) are Zariski-closed for all integers 𝑖, 𝑗, and that
(2) 𝑓1, … , 𝑓𝑐 form a regular sequence in 𝑅.

Then Supp(𝐻𝑘
𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐))) is Zariski-closed for each integer 𝑘.
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This article is organized as follows. In Section 2, we introduce and study a double complex
which links the Koszul cohomology of 𝐻𝑗

𝐼
(𝑅) on a sequence 𝑓 and the local cohomology mod-

ules 𝐻𝑗
𝐼
(𝑅∕(𝑓)) and prove Theorem 1.3; Section 2 is characteristic-free and does not require 𝑅

to be regular. In Section 3, we introduce the notion of the (Frobenius) truncation of Čech com-
plexes which is one of the main technical tools in this article. In Sections 4 and 5, we prove that
𝐻𝑖(𝐾∙(𝑓1, 𝑓2;ℳ)) has Zariski-closed support when 𝑓1, 𝑓2 form a regular sequence in regular ring
𝑅 of prime characteristic 𝑝 andℳ is an 𝐹-finite 𝐹-module. In Section 6, we complete the proof of
Theorem 1.2.

2 A KOSZUL–ČECH DOUBLE COMPLEX AND RELATED
SPECTRAL SEQUENCES

Let 𝑅 be a commutative Noetherian ring and 𝑓1, … , 𝑓𝑐 and g1, … , g𝑡 be two sequences of elements
in 𝑅. Set 𝐼 = (g1, … , g𝑡) to be the ideal generated by g1, … , g𝑡. For each 𝑅-module 𝑁,

(1) we denote by 𝐾∙(𝑓;𝑁) the Koszul co-complex of 𝑁 on the elements 𝑓1, … , 𝑓𝑐, which is the
𝑅-dual of the Koszul complex 𝐾∙(𝑓;𝑁), and

(2) we denote by 𝐶̌∙(g ; 𝑁) the 𝐶̌ech complex of 𝑁 on g1, … , g𝑡:

0 → 𝑁
𝛿0

��→ ⊕𝑡
𝑖=1
𝑁g𝑖

𝛿1

��→ ⊕𝑖1<𝑖2𝑁g𝑖1
g𝑖2

𝛿2

��→ ⋯→ 𝑁g1⋯g𝑡
→ 0,

where 𝛿𝑖 defined via 𝛿𝑖 ∶ 𝑁g𝑗1
⋯g𝑗𝑖

→ 𝑁g𝓁1
⋯g𝓁𝑖+1

is defined as

𝛿𝑖(
𝑧

g𝑛
𝑗1
⋯ g𝑛

𝑗𝑖

) =

⎧⎪⎨⎪⎩
(−1)𝑠−1 𝑧

g𝑛
𝑗1
⋯g𝑛

𝑗𝑖

when 𝑗1⋯ 𝑗𝑖 = 𝓁1⋯𝓁𝑠⋯𝓁𝑖+1

0 otherwise

for each 𝑧 ∈ 𝑁. Note that𝐻𝑗(𝐶̌∙(g ; 𝑁)) ≅ 𝐻𝑗
𝐼
(𝑁).

Definition 2.1. The double complex, denoted by 𝐃 ∶= 𝐷(𝐾∙(𝑓); 𝐶̌∙(g)), is the double com-
plex whose 𝑖th row is the Čech complex 𝐶̌∙(g ; 𝐾𝑖(𝑓; 𝑅)) and whose 𝑗th column is the Koszul
(co)complex 𝐾∙(𝑓; 𝐶𝑗(g ; 𝑅)).
We will denote the total complex of 𝐃 by 𝑇∙.

Example 2.2 (When 𝑡 = 2). Themost relevant case for this article is when 𝑡 = 2 andwewould like
to spell out the double complex as follows. The Koszul (co)complex 𝐾∙(𝑓1, 𝑓2;𝑁) is the following
for each 𝑅-module 𝑁:

0 → 𝑁

⎛⎜⎜⎝
𝑓1
𝑓2

⎞⎟⎟⎠
�����→ 𝑁⊕2

(
−𝑓2 𝑓1

)
������������→ 𝑁 → 0

The Koszul–Čech double complex in this case is the following:
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4 of 24 GINTZ and ZHANG

(2.0.1)

Remark 2.3. As discussed in [18, section 5.1], there are two spectral sequences associated with our
complex 𝐷(𝐾∙(𝑓); 𝐶̌∙(g)).
One of them comes from taking horizontal differentials (in the Čech complexes) first and then

vertical differentials (in the resulting Koszul co-complexes). The resulting spectral sequence is:

𝐸
𝑖,𝑗

2
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻

𝑗

𝐼
(𝑅)) ⇒ 𝐻𝑖+𝑗(𝑇∙).

Recall that 𝑇∙ is the total complex of 𝐷(𝐾∙(𝑓); 𝐶̌∙(g)).
The other one comes from doing differentials the other way around (considering vertical

differentials and then horizontal differentials):

′𝐸
𝑖,𝑗

2
∶= 𝐻𝑖𝐼(𝐻

𝑗(𝐾∙(𝑓; 𝑅))) ⇒ 𝐻𝑖+𝑗(𝑇∙).

The following theorem, one of our main technical tools, indicates the connection between
Supp(𝐸

𝑖,𝑗
∞ ) and Supp(𝐻𝑘𝐼 (𝑅∕(𝑓1, … , 𝑓𝑠))) when 𝑓1, … , 𝑓𝑐 form a regular sequence in 𝑅.

Theorem 2.4. Assume that

(1) Supp(𝐸𝑖,𝑗∞ ) are Zariski-closed for all integers 𝑖, 𝑗, and that
(2) 𝑓1, … , 𝑓𝑐 form a regular sequence in 𝑅.

Then Supp(𝐻𝑘
𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐))) is Zariski-closed for each integer 𝑘.

Proof. The convergence

𝐸
𝑖,𝑗

2
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻

𝑗

𝐼
(𝑅))) ⇒ 𝐻𝑖+𝑗(𝑇∙)

amounts to a filtration of𝐻𝑘(𝑇∙) for each 𝑘:

0 ⊆ 𝐹𝑘𝐻𝑘(𝑇∙) ⊆ 𝐹𝑘−1𝐻𝑘(𝑇∙) ⊆⋯ ⊆ 𝐹1𝐻𝑘(𝑇∙) ⊆ 𝐹0𝐻𝑘(𝑇∙) = 𝐻𝑘(𝑇∙)

such that 𝐹𝑖𝐻𝑘(𝑇∙)∕𝐹𝑖+1𝐻𝑘(𝑇∙) ≅ 𝐸𝑖,𝑛−𝑖∞ (with 𝐹𝑘𝐻𝑘(𝑇∙) ≅ 𝐸𝑘,0∞ ).
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Since 𝐸𝑖,𝑗∞ is Zariski-closed for all integers 𝑖, 𝑗, the Zariski-closedness of Supp(𝐻𝑘(𝑇∙)) follows
from the filtration of𝐻𝑘(𝑇∙).
The assumption that 𝑓1, … , 𝑓𝑠 form a regular sequence in 𝑅 implies that ′𝐸∙,∙

2
has only one

nonzero row in which the entries are 𝐻𝑖
𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐)). Consequently, this spectral sequence

collapses, providing for each 𝑘 the isomorphism

𝐻𝑘𝐼 (𝑅∕(𝑓1, … , 𝑓𝑐)) ≅ 𝐻
𝑘(𝑇∙)

which shows that Supp(𝐻𝑘
𝐼
(𝑅∕(𝑓1, … , 𝑓𝑐)) is Zariski-closed. □

In Section 6, we will prove that Supp(𝐸𝑖,𝑗∞ ) are Zariski-closed for all integers 𝑖, 𝑗 when 𝑅 is reg-
ular of prime characteristic 𝑝 and 𝐸𝑖,𝑗∞ are associated with the double complex (2.0.1). One of our
technical tools is to truncate the Čech complex.

3 TRUNCATED ČECH COMPLEXES

In this section we introduce (Frobenius) truncated Čech complexes, one of the main technical
tools needed in this article.
Let 𝑅 be a Noetherian commutative ring of prime characteristic 𝑝 > 0 and let g ∈ 𝑅 be an ele-

ment in 𝑅. We will use 𝑅 ⋅ 1

g𝑝
𝑒 to denote the cyclic 𝑅-submodule of 𝑅𝑓 generated by

1

g𝑝
𝑒 , and we

will call 𝑅 ⋅ 1

g𝑝
𝑒 the 𝑒th (Frobenius) truncation of 𝑅g . (Our convention is to consider 𝑅 ⋅ 1

g
as the

0th Frobenius truncation of 𝑅g .)
Note that 𝑅 ⋅ 1

g𝑝
𝑒 is a finitely generated 𝑅-module; this finiteness plays a crucial role in this

article.

Remark 3.1. Let g1, … , g𝑡 be elements in 𝑅. Recall that 𝐶̌∙(g ; 𝑅), the Čech complex of 𝑅 on g1, … , g𝑡,
is constructed as follows:

0 → 𝑅 →

𝑡⨁
𝑗=1

𝑅g𝑗 → ⋯→
⨁

𝑗1<⋯<𝑗𝑖

𝑅g𝑗1⋯g𝑗𝑖

𝛿𝑖

��→
⨁

𝑗1<⋯<𝑗𝑖+1

𝑅g𝑗1⋯g𝑗𝑖+1
→ ⋯→ 𝑅g1⋯g𝑡

→ 0,

where 𝛿𝑖 defined via 𝛿𝑖 ∶ 𝑅g𝑗1⋯g𝑗𝑖
→ 𝑅g𝓁1⋯g𝓁𝑖+1

is defined as

𝛿𝑖(
𝑟

g𝑛
𝑗1
⋯ g𝑛

𝑗𝑖

) =

⎧⎪⎨⎪⎩
(−1)𝑠−1 𝑟

g𝑛
𝑗1
⋯g𝑛

𝑗𝑖

when 𝑗1⋯ 𝑗𝑖 = 𝓁1⋯𝓁𝑠⋯𝓁𝑖+1

0 otherwise.
(3.0.1)

Then it is clear that the image of the restriction of 𝛿𝑖 on 𝑅 ⋅ 1

g
𝑝𝑒

𝑗1
⋯g

𝑝𝑒

𝑗𝑖

is contained in 𝑅 ⋅ 1

g
𝑝𝑒

𝓁1
⋯g

𝑝𝑒

𝓁𝑖+1

.

Consequently, if one replaces eachmodule in theCech complex𝐶∙(g ; 𝑅) by its 𝑒th truncation, then
one will get a complex

0 → 𝑅 →

𝑡⨁
𝑗=1

𝑅 ⋅
1

g
𝑝𝑒

𝑗

→
⨁
𝑗1<𝑗2

𝑅 ⋅
1

g
𝑝𝑒

𝑗1
g
𝑝𝑒

𝑗2

→ ⋯ (3.0.2)
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6 of 24 GINTZ and ZHANG

Definition 3.2. The complex (3.0.2) is called the 𝑒th truncation of the Čech complex 𝐶̌∙(g ; 𝑅) and
will be denoted by 𝐶̌∙(g ; 𝑅)𝑒 or 𝐶̌∙𝑒 when the elements g1, … , g𝑡 are clear from the context. The 𝑖th
term in 𝐶̌∙(g ; 𝑅)𝑒 will be denoted by 𝐶̌𝑖(g ; 𝑅)𝑒 and the 𝑖th differential in 𝐶̌∙(g ; 𝑅)𝑒 will be denoted
by 𝛿𝑖𝑒.

For each element 𝜂 ∈ ker(𝛿𝑖) (respectively, 𝜂 ∈ ker(𝛿𝑖𝑒)), its image in𝐻
𝑖(𝐶̌∙(g ; 𝑅)) (respectively,

𝐻𝑖(𝐶̌∙(g ; 𝑅)𝑒)) will be denoted by [𝜂].
Let 𝑅 be a Noetherian ring of prime characteristic 𝑝. Let 𝑅(𝑒) be the additive group of 𝑅 regarded

as an 𝑅-bimodule with the usual left 𝑅-action and with the right 𝑅-action defined by 𝑟′𝑟 = 𝑟𝑝𝑒𝑟′
for all 𝑟 ∈ 𝑅 and 𝑟′ ∈ 𝑅(𝑒). The 𝑒th Peskine–Szipro functor 𝐅𝑒 is defined via

𝐅𝑒(𝑀) = 𝑅(𝑒) ⊗𝑅 𝑀 𝐅𝑒(𝑀
𝜙
�→ 𝑁) = 𝑅(𝑒) ⊗𝑅 𝑀

𝟏⊗𝜙
����→ 𝑅(𝑒) ⊗𝑅 𝑁.

When 𝑒 = 1, we will denote 𝐅1 by 𝐅.
Note that, when 𝑅 is regular, 𝑅(𝑒) is a faithfully flat 𝑅-module and hence 𝐅𝑒 is an exact functor

for each 𝑒 ⩾ 1 ([12]).

Proposition 3.3. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝 > 0 and let 𝐅 denote
the Peskine–Szpiro functor. Then

(1) 𝐅(𝑅 ⋅ 1
g
) ≅ 𝑅 ⋅ 1

g𝑝
for every g ∈ 𝑅.

(2) 𝐅(𝐶̌∙(g ; 𝑅)𝑒) ≅ 𝐶̌∙(g ; 𝑅)𝑒+1 for all sequences of elements g = g1, … , g𝑡 .

Proof. Note that 𝐅 is an exact functor since 𝑅 is regular.
To prove the first part, it suffices to note that the 𝑅 linear map

𝜃 ∶ 𝐅(𝑅 ⋅
1

g
) = 𝑅(1) ⊗𝑅 𝑅 ⋅

1

g

𝑟′⊗ 𝑟
g
↦𝑟

′𝑟𝑝

g𝑝

�����������→ 𝑅 ⋅
1

g𝑝

admits an inverse

𝑅 ⋅
1

g𝑝

𝑟

g𝑝
↦𝑟⊗ 1

g
���������→ 𝑅(1) ⊗𝑅 𝑅 ⋅

1

g
= 𝐅

(
𝑅 ⋅
1

g

)
.

The second part follows from the following commutative diagram:

where the horizontal maps are induced by the 𝑖th differential (3.0.1) in the Čech complex and the
vertical maps are the isomorphisms in the first part applied to the cases when g = g

𝑝𝑒

𝑗1
⋯ g

𝑝𝑒

𝑗𝑖
and

when g = g
𝑝𝑒

𝓁1
⋯ g

𝑝𝑒

𝓁𝑖+1
, respectively. □
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 7 of 24

For the rest of this article, we will denote by 𝜃 the isomorphisms

𝐅𝑒(𝐶̌𝑗(g ; 𝑅))
∼
�→ 𝐶̌𝑗(g ; 𝑅), 𝐅(𝐶̌𝑗(g ; 𝑅)𝑒)

∼
�→ 𝐶̌𝑗(g ; 𝑅)𝑒+1 and 𝐅𝑒(𝐶̌𝑗(g ; 𝑅)0)

∼
�→ 𝐶̌𝑗(g ; 𝑅)𝑒.

The natural inclusion 𝑅 ⋅ 1

g
𝑝𝑒

𝑗1
⋯g

𝑝𝑒

𝑗𝑖

→ 𝑅 ⋅ 1

g
𝑝𝑒+1

𝑗1
⋯g

𝑝𝑒+1

𝑗𝑖

induces a chain map between the trun-

cated Čech complexes: 𝐶̌∙(g ; 𝑅)𝑒 → 𝐶̌∙(g ; 𝑅)𝑒+1 and hence induces an 𝑅-module homomorphism
𝐻𝑖(𝐶̌∙(g ; 𝑅)𝑒) → 𝐻

𝑖(𝐶̌∙(g ; 𝑅)𝑒+1). This produces a directed system:

𝐻𝑖(𝐶̌∙(g ; 𝑅)0) → 𝐻
𝑖(𝐶̌∙(g ; 𝑅)1) → ⋯→ 𝐻𝑖(𝐶̌∙(g ; 𝑅)𝑒) → ⋯

whose direct limit is isomorphic to𝐻𝑖
𝐼
(𝑅).

Each element in𝐻𝑖
𝐼
(𝑅) can be represented by a cohomological class of the form [… , 𝑟

g𝑛
𝑗1
⋯g𝑛

𝑗𝑖

, …].

Let 𝐻𝑗
𝐼
(𝑅)𝑒 be the 𝑅-submodule of 𝐻

𝑗

𝐼
(𝑅) generated by classes [… , 𝑟

g𝑛
𝑗1
⋯g𝑛

𝑗𝑖

, …] with 𝑛 ⩽ 𝑝𝑒. Then

𝐻
𝑗

𝐼
(𝑅)𝑒 is precisely the image of𝐻𝑖(𝐶̌∙(g ; 𝑅)𝑒) in𝐻

𝑗

𝐼
(𝑅); consequently𝐻𝑖

𝐼
(𝑅)𝑒 is finitely generated.

Furthermore, one can check that

𝐻𝑖𝐼(𝑅)𝑒 ≅
ker(𝛿𝑖𝑒)

image(𝛿𝑖−1) ∩ ker(𝛿𝑖𝑒)
and 𝐅(𝐻𝑖𝐼(𝑅)𝑒) ≅ 𝐻

𝑖
𝐼(𝑅)𝑒+1. (3.0.3)

For the rest of this article, whenever it is clear from the context, we will write 𝐶̌∙(g), or even
𝐶̌∙, instead of 𝐶̌∙(g ; 𝑅).
One can replace the Čech complex with its (Frobenius) truncations in Definition 2.1 to form

the double complex

𝐃𝑒 ∶= 𝐷(𝐾
∙(𝑓𝑝

𝑒
); 𝐶̌∙(g)𝑒)

for each integer 𝑒 ⩾ 0:

(3.0.4)
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8 of 24 GINTZ and ZHANG

A priori, one can form the double complex 𝐷(𝐾∙(𝑓𝑝𝑒 ); 𝐶̌∙(g)𝑒′ ) for two different integers 𝑒 and
𝑒′. Since this is not needed in this article, we opt not to explore it here.
We will denote the total complex of (3.0.4) by 𝑇∙𝑒 . When taking the horizontal differentials

(those in the truncated Čech complexes) and then the vertical differentials in (3.0.4), one obtains
a spectral sequence:

𝐸
𝑖,𝑗

2,𝑒
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻𝑗(𝐶̌𝑒)) ⇒ 𝐻

𝑖+𝑗(𝑇∙𝑒 ). (3.0.5)

We will denote the differentials in (3.0.5) by

𝜑
𝑖,𝑗

2,𝑒
∶ 𝐸

𝑖,𝑗

2,𝑒
→ 𝐸

𝑖+2,𝑗−1

2,𝑒
.

Since 𝐅 is an exact functor, one can check 𝐅𝑒(𝐾∙(𝑓; 𝑅)) ≅ 𝐾∙(𝑓𝑝
𝑝
; 𝑅) for any sequence 𝑓 of ele-

ments in𝑅. On the other hand, according to Proposition 3.3,𝐅𝑒(𝐶̌∙(g)0) ≅ 𝐶̌∙(g)𝑒 for any sequence
g of elements in 𝑅. Consequently, the double complex 𝐃𝑒 can be obtained by applying 𝐅𝑒 to 𝐃0.
According to Theorem 2.4, it suffices to analyze the double complex𝐃. One of our motivations

to introduce the double complexes 𝐃𝑒 is that a great deal of information of 𝐃 is already encoded
in 𝐃0 in which every module is finitely generated. As shown in the sequel, one can link 𝐃0 with
𝐃 using the Peskine–Szpiro functor 𝐅. This link is rather intricate since𝐃0 is directly linked with
𝐃𝑒 via 𝐅𝑒 (the differentials in the Koszul (co)complex in𝐃𝑒 come from the elements 𝑓𝑝

𝑒

1
, 𝑓
𝑝𝑒

2
, not

𝑓1, 𝑓2).

4 KOSZUL COHOMOLOGY OF 𝑭-FINITE 𝑭-MODULES

Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝 > 0. In this section, we will investi-
gate 𝐸𝑖,𝑗

2
in the 𝐸∙,∙

2
-page coming from the double complex 𝐃 has Zariski-closed support; that is

the Koszul cohomology 𝐻𝑖(𝐾∙(𝑓;𝐻𝑗
𝐼
(𝑅))). Instead of local cohomology modules 𝐻𝑗

𝐼
(𝑅), we will

consider all 𝐹-finite 𝐹-modules. To this end, we begin by recalling the definition and basic facts
of 𝐹-modules (cf. [14]).

(1) An 𝑅-moduleℳ is an 𝐹-module if there is an 𝑅-module isomorphism

𝜃 ∶ℳ → 𝐅(ℳ) = 𝑅(1) ⊗𝑅 ℳ

called the structure isomorphism.
(2) If (ℳ, 𝜃ℳ) and (𝒩, 𝜃𝒩) are 𝐹-modules, then an 𝐹-module morphism from (ℳ, 𝜃ℳ) to
(𝒩, 𝜃𝒩) consists of the following commutative diagram:

We will simply write this 𝐹-module morphism as 𝜑 ∶ℳ →𝒩 whenever the context is clear.
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 9 of 24

(3) A generating morphism of an 𝐹-module is an 𝑅-module homomorphism 𝛽 ∶ 𝑀 → 𝐅(𝑀),
where 𝑀 is an 𝑅-module, such that ℳ is the direct limit of the top row of the following
commutative diagram,

and the structure isomorphism 𝜃 ∶ℳ → 𝐅(ℳ) is induced by the vertical morphism in the
diagram.

(4) An 𝐹-moduleℳ is 𝐹-finite if it admits a generating morphism 𝛽 ∶ 𝑀 → 𝐅(𝑀) where𝑀 is a
finitely generated 𝑅-module.

(5) Each 𝐹-finite 𝐹-moduleℳ admits an injective generating morphism 𝛽 ∶ 𝑀 ↪ 𝐅(𝑀) where
𝑀 is a finitely generated 𝑅-module; (𝑀, 𝛽) is called a root ofℳ.

(6) For each 𝑓 ∈ 𝑅, the localization 𝑅𝑓 is an 𝐹-finite 𝐹-module.
(7) Given elements g1, … , g𝑠 ∈ 𝑅, the Čech complex 𝐶̌∙(g ; 𝑅) is a complex in the category of 𝐹-

finite 𝐹-modules; that is, each module 𝐶̌𝑗 is an 𝐹-finite 𝐹-module and the differentials 𝛿𝑗 in
this complex are 𝐹-module morphisms.

(8) ker(𝛿𝑗) and image(𝛿𝑗) are 𝐹-finite 𝐹-modules and consequently 𝐻𝑗
𝐼
(𝑅) is an 𝐹-finite

𝐹-module for each integer 𝑗 and each ideal 𝐼 in 𝑅.

Letℳ be an 𝐹-finite 𝐹-module and 𝛽 ∶ 𝑀 ↪ 𝐅(𝑀) is a root. Let 𝑅𝑏
𝐴
�→ 𝑅𝑎 → 𝑀 → 0 be a pre-

sentation of 𝑀 where 𝐴 is an 𝑎 × 𝑏 matrix whose entries are elements of 𝑅. Then we have the
following commutative diagram:

where 𝐴[𝑝] denotes the matrix whose entries are the 𝑝th powers of the corresponding entries
in 𝐴 and 𝑈 is an 𝑎 × 𝑎 matrix with entries in 𝑅. To ease notation, we will denote this diagram
by

coker(𝐴)
𝑈
��→ coker(𝐴[𝑝]).

Let 𝑓1, … , 𝑓𝑐 be a sequence of elements in 𝑅 and let𝐻𝑖(𝑓; −) denote the 𝑖th Koszul cohomology
functor. That is,

𝐻𝑐(𝑓;𝑁) ≅ 𝑁∕(𝑓𝑁) and 𝐻0(𝑓;𝑁) ≅

𝑡⋂
𝑗=1

ker(𝑁
𝑓𝑗
��→ 𝑁)

for each 𝑅-module 𝑁.
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10 of 24 GINTZ and ZHANG

Theorem 4.1. For each 𝐹-finite 𝐹-moduleℳ, we have that Supp(𝐻𝑐(𝑓;ℳ)) and Supp(𝐻0(𝑓;ℳ))
are Zariski-closed, where 𝑓 = {𝑓1, … , 𝑓𝑐} is an arbitrary sequence of elements in 𝑅.

Before we proceed to the proof, we remark that the special case of Theorem 4.1 when 𝑐 = 1 and
ℳ = 𝐻

𝑗

𝐼
(𝑅) recovers [5, Theorem 1.1] and [10, Theorem 7.1(c)].

Proof of Theorem 4.1. To treat the 0th Koszul cohomology, we consider the following
diagram:

(4.0.1)

Each square in this commutative diagram

commutes since 𝑈[𝑝𝑒]𝑓𝑗 = 𝑓𝑗𝑈[𝑝
𝑒] for each 𝑓𝑗 . Therefore (4.0.1) is a commutative diagram. One

can check that the direct limit of (4.0.1) is

ℳ

⎛⎜⎜⎜⎜⎝
𝑓1
⋮
𝑓𝑐

⎞⎟⎟⎟⎟⎠
�����→ℳ⊕𝑐.

It follows from the proof of [10, Theorem 7.1] that

Supp(ker(ℳ
𝑓𝑗
��→ℳ)) = Supp

(
(ker(𝑈[𝑝

𝑗]⋯𝑈)) ∶𝑅𝑎 𝑓𝑗

ker(𝑈[𝑝
𝑗]⋯𝑈)

)
, 𝑗 ≫ 0.

Consequently

Supp(𝐻0(𝑓;ℳ)) = Supp

(
(ker(𝑈[𝑝

𝑗]⋯𝑈)) ∶𝑅𝑎 (𝑓1, … , 𝑓𝑐)

ker(𝑈[𝑝
𝑗]⋯𝑈)

)
, 𝑗 ≫ 0

which is Zariski-closed.
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 11 of 24

To handle the 𝑐th Koszul cohomology, we consider the following diagram:

(4.0.2)

Each square in this commutative diagram

commutes since 𝑈[𝑝𝑒]𝑓𝑗 = 𝑓𝑗𝑈[𝑝
𝑒] for each 𝑓𝑗 . Therefore (4.0.2) is a commutative diagram. One

can check that the direct limit of (4.0.2) is

ℳ⊕𝑐
(𝑓1,…,𝑓𝑐)
��������→ℳ.

Each element inℳ can be represented by an element 𝑧 ∈ coker(𝐴[𝑝𝑒]) for some 𝑒. Let 𝔭 be a prime
ideal of 𝑅. This element becomes 0 in𝐻𝑐(𝑓;ℳ)𝔭 if and only if there is an integer 𝑗 such that

(𝑈[𝑝
𝑒+𝑗]⋯𝑈[𝑝

𝑒])𝑧 ∈
(
image((𝑓1, … , 𝑓𝑐)) + image(𝐴

[𝑝𝑒+𝑗+1])
)
.

Therefore,

(𝐻𝑐(𝑓;ℳ)𝔭 = 0 ⇔
⋃
𝑗

(
(image((𝑓1, … , 𝑓𝑐)) + image(𝐴

[𝑝𝑒+𝑗+1])) ∶𝑅𝑎 (𝑈
[𝑝𝑒+𝑗]⋯𝑈[𝑝

𝑒])
)
𝔭
= 𝑅𝑎

𝔭
, ∀ 𝑒.

Recall that𝑀 is assumed to have a presentation 𝑅𝑏
𝐴
�→ 𝑅𝑎 → 𝑀 → 0.

Since (
(image((𝑓1, … , 𝑓𝑐)) + image(𝐴

[𝑝𝑒+𝑗+1])) ∶𝑅𝑎 (𝑈
[𝑝𝑒+𝑗]⋯𝑈[𝑝

𝑒])
)[𝑝]

= (image((𝑓
𝑝

1
, … , 𝑓

𝑝
𝑐 )) + image(𝐴

[𝑝𝑒+𝑗+2])) ∶𝑅𝑎 (𝑈
[𝑝𝑒+𝑗+1]⋯𝑈[𝑝

𝑒+1])

⊆ (image((𝑓1, … , 𝑓𝑐)) + image(𝐴
[𝑝𝑒+𝑗+2])) ∶𝑅𝑎 (𝑈

[𝑝𝑒+𝑗+1]⋯𝑈[𝑝
𝑒+1]),

one can check that

(𝐻𝑡(𝑓;ℳ)𝔭 = 0 ⇔
⋃
𝑗

(
(image((𝑓1, … , 𝑓𝑐)) + image(𝐴

[𝑝𝑒+𝑗+1])) ∶𝑅𝑎 (𝑈
[𝑝𝑒+𝑗]⋯𝑈[𝑝

𝑒])
)
𝔭
= 𝑅𝑎𝔭
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12 of 24 GINTZ and ZHANG

if and only if

(𝐻𝑡(𝑓;ℳ)𝔭 = 0 ⇔
⋃
𝑗

(
(image((𝑓1, … , 𝑓𝑐)) + image(𝐴

[𝑝𝑗+1])) ∶𝑅𝑎 (𝑈
[𝑝𝑗]⋯𝑈)

)
𝔭

= 𝑅𝑎𝔭 (that is when 𝑒 = 0).

This proves that

Supp(𝐻𝑡(𝑓;ℳ)) = Supp

(
𝑅𝑎

(image((𝑓1, … , 𝑓𝑐)) + image(𝐴
[𝑝𝑗+1])) ∶𝑅𝑎 (𝑈

[𝑝𝑗]⋯𝑈)

)

which is clearly Zariski-closed. □

Themost relevant case to this article is when𝑓 is a regular sequence in𝑅.We pose the following
question:

Question 4.2. Let 𝑅 be a Noetherian regular ring of primes characteristic 𝑝 and 𝑓 be a regular
sequence in 𝑅. Is it true that Supp(𝐻𝑖(𝐾∙(𝑓;ℳ))) is Zariski-closed for each integer 𝑖 and each
𝐹-finite 𝐹-moduleℳ?

To the best our knowledge, Question 4.2 is open as stated. In the next section, we will show that
it has an affirmative answer when 𝑓 = 𝑓1, 𝑓2.

5 REGULAR SEQUENCES OF LENGTH 2

In this section, we consider the case when 𝑡 = 2; that is, when 𝑅 is an 𝐹-finite Noetherian regular
ring of prime characteristic, 𝑓1, 𝑓2 form a regular sequence in 𝑅 andℳ is an 𝐹-finite 𝐹-module.
The main goal in this section is to prove the following result:

Theorem 5.1. Supp(𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ))) is Zariski-closed for every 𝐹-finite 𝐹-module ℳ and
arbitrary elements 𝑓1, 𝑓2 in 𝑅.

Before we can prove Theorem 5.1, we would like to consider a special case of it:

Theorem 5.2. Assume that an 𝐹-finite 𝐹-module ℳ is (𝑓1, 𝑓2)-torsion. Then
Supp(𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ))) is Zariski-closed.

Proof. It follows from the following long exact sequence of Koszul cohomology

0 ← 𝐻2(𝐾∙(𝑓1, 𝑓2;ℳ)) ← 𝐻
1(𝐾∙(𝑓1;ℳ))

𝑓2
←�� 𝐻1(𝐾∙(𝑓1;ℳ))

← 𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ)) ← 𝐻
0(𝐾∙(𝑓1;ℳ))

𝑓2
←�� 𝐻0(𝐾∙(𝑓1;ℳ)) ← 𝐻

0(𝐾∙(𝑓1, 𝑓2;ℳ)) ← 0

that
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 13 of 24

Supp(𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ)))

= Supp(coker(𝐻0(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻0(𝐾∙(𝑓1;ℳ))))

⋃
Supp(ker(𝐻1(𝐾∙(𝑓1;ℳ))

𝑓2
��→ 𝐻1(𝐾∙(𝑓1;ℳ)))).

Note that swapping 𝑓1 and 𝑓2 does not affect𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ)); consequently

Supp(coker(𝐻0(𝐾∙(𝑓2;ℳ))
𝑓1
��→ 𝐻0(𝐾∙(𝑓2;ℳ)))) ⊆ Supp(𝐻

1(𝐾∙(𝑓1, 𝑓2;ℳ))).

Hence

Supp(𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ))) = Supp(coker(𝐻
0(𝐾∙(𝑓1;ℳ))

𝑓2
��→ 𝐻0(𝐾∙(𝑓1;ℳ))))⋃

Supp(coker(𝐻0(𝐾∙(𝑓2;ℳ))
𝑓1
��→ 𝐻0(𝐾∙(𝑓2;ℳ))))⋃

Supp(ker(𝐻1(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻1(𝐾∙(𝑓1;ℳ)))).

First we treat Supp(ker(𝐻1(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻1(𝐾∙(𝑓1;ℳ)))). Note that

ker(𝐻1(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻1(𝐾∙(𝑓1;ℳ))) ≅ ker

(
ℳ
𝑓1ℳ

𝑓2
��→

ℳ
𝑓1ℳ

)
≅
𝑓1ℳ ∶ℳ 𝑓2
𝑓1ℳ

.

Let 𝐿 denote a root of ℳ; that is, 𝐿 is finitely generated 𝑅-submodule of ℳ equipped with an
injective 𝑅-module morphism 𝛽 ∶ 𝐿 → 𝐅(𝐿) that generates the 𝐹-module ℳ. We will set 𝐿𝑒 ∶=
𝐅𝑒(𝐿) ⊆ℳ and view 𝐿𝑒 as a submodule of 𝐿𝑒+1 via the injective 𝑅-module morphism 𝐹𝑒(𝛽). Note
thatℳ = ∪𝑒⩾1𝐿𝑒.

Claim 1. Supp
(
𝑓1ℳ∶ℳ𝑓2
𝑓1ℳ

)
=
⋃
𝑒⩾1 Supp

(
𝑓1ℳ∩𝐿𝑒∶𝐿𝑒 𝑓2
𝑓1ℳ∩𝐿𝑒

)
.

Assume that 𝑓1ℳ∶ℳ𝑓2
𝑓1ℳ

= 0. For each 𝑒 ⩾ 1 and 𝑧𝑒 ∈ (𝑓1ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓2), it follows that 𝑓2𝑧𝑒 ∈

𝑓1ℳ ∩ 𝐿𝑒 ⊆ 𝑓1ℳ and consequently 𝑧𝑒 ∈ 𝑓1ℳ ∩ 𝐿𝑒. This shows that
𝑓1ℳ∩𝐿𝑒∶𝐿𝑒 𝑓2
𝑓1ℳ∩𝐿𝑒

= 0 for each 𝑒;
that is,

Supp

(
𝑓1ℳ ∶ℳ 𝑓2
𝑓1ℳ

)
⊇
⋃
𝑒⩾1

Supp

(
𝑓1ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓2

𝑓1ℳ ∩ 𝐿𝑒

)
.

On the other hand, assume that
𝑓1ℳ∩𝐿𝑒∶𝐿𝑒 𝑓2
𝑓1ℳ∩𝐿𝑒

= 0 for each 𝑒. For each 𝑧 ∈ 𝑓1ℳ ∶ℳ 𝑓2 ⊆ℳ, there
is an 𝑒 such that 𝑧 ∈ 𝐿𝑒. Consequently 𝑓2𝑧 ∈ 𝑓1ℳ ∩ 𝐿𝑒 and hence 𝑧 ∈ 𝑓1ℳ ∩ 𝐿𝑒 ⊆ 𝑓1ℳ by the
assumption. This shows that 𝑓1ℳ∶ℳ𝑓2

𝑓1ℳ
= 0; that is,

Supp

(
𝑓1ℳ ∶ℳ 𝑓2
𝑓1ℳ

)
⊆
⋃
𝑒⩾1

Supp

(
𝑓1ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓2

𝑓1ℳ ∩ 𝐿𝑒

)
.

This finishes the proof of our Claim 1.
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14 of 24 GINTZ and ZHANG

Claim 2. Supp(𝑓1ℳ∩𝐿∶𝐿𝑓2
𝑓1ℳ∩𝐿

) =
⋃
𝑒⩾1 Supp

(
𝑓1ℳ∩𝐿𝑒∶𝐿𝑒 𝑓2
𝑓1ℳ∩𝐿𝑒

)
.

It suffices to show that if 𝑓1ℳ∩𝐿∶𝐿𝑓2
𝑓1ℳ∩𝐿

= 0, then
𝑓1ℳ∩𝐿𝑒∶𝐿𝑒 𝑓2
𝑓1ℳ∩𝐿𝑒

= 0 for each 𝑒 ⩾ 1. Applying the

functor 𝐅𝑒(−) to the assumption 𝑓1ℳ∩𝐿∶𝐿𝑓2
𝑓1ℳ∩𝐿

= 0, one deduces that
𝑓
𝑝𝑒

1
ℳ∩𝐿𝑒∶𝐿𝑒 𝑓

𝑝𝑒

2

𝑓
𝑝𝑒

1
ℳ∩𝐿𝑒

= 0; that is,

𝑓
𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓

𝑝𝑒

2
= 𝑓

𝑝𝑒

1
ℳ ∩ 𝐿𝑒.

Let 𝑧𝑒 be an element in 𝑓1ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓2. Sinceℳ is (𝑓1, 𝑓2)-torsion, there exists an integer 𝑗 such
that 𝑓𝑗𝑝

𝑒

2
𝑧𝑒 = 0. Since 𝑓

𝑝𝑒

2
(𝑓
(𝑗−1)𝑝𝑒

2
𝑧𝑒) = 0 ∈ 𝑓

𝑝𝑒

1
ℳ ∩ 𝐿𝑒, it follows that 𝑓

(𝑗−1)𝑝𝑒

2
𝑧𝑒 ∈ 𝑓

𝑝𝑒

1
ℳ ∩ 𝐿𝑒.

Repeating this process, one deduces that 𝑧𝑒 ∈ 𝑓
𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ⊆ 𝑓1ℳ ∩ 𝐿𝑒. This proves our Claim 2.

Combining these two claims shows that

Supp(ker(𝐻1(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻1(𝐾∙(𝑓1;ℳ)))) = Supp(

𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2
𝑓1ℳ ∩ 𝐿

)

which is Zariski-closed as 𝐿 is finitely generated.
It remains to prove that

Supp(coker(𝐻0(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻0(𝐾∙(𝑓1;ℳ))))

⋃
Supp(coker(𝐻0(𝐾∙(𝑓2;ℳ))

𝑓1
��→ 𝐻0(𝐾∙(𝑓2;ℳ))))

is Zariski-closed (which will complete the proof of our lemma).
Note that

𝐻0(𝐾∙(𝑓1;ℳ)) ≅ (0 ∶ℳ 𝑓1) and 𝐻0(𝐾∙(𝑓2;ℳ)) = (0 ∶ℳ 𝑓2)

and consequently

coker(𝐻0(𝐾∙(𝑓1;ℳ))
𝑓2
��→ 𝐻0(𝐾∙(𝑓1;ℳ))) ≅

(0 ∶ℳ 𝑓1)

𝑓2(0 ∶ℳ 𝑓1)
,

coker(𝐻0(𝐾∙(𝑓2;ℳ))
𝑓1
��→ 𝐻0(𝐾∙(𝑓2;ℳ))) ≅

(0 ∶ℳ 𝑓2)

𝑓1(0 ∶ℳ 𝑓2)
.

Sinceℳ = ∪𝑒⩾0𝐿𝑒, it is straightforward to check that

Supp

(
(0 ∶ℳ 𝑓1)

𝑓2(0 ∶ℳ 𝑓1)

)
=
⋃
𝑒

Supp

(
(0 ∶𝐿𝑒 𝑓1)

𝑓2(0 ∶ℳ 𝑓1) ∩ (0 ∶𝐿𝑒 𝑓1)

)
,

Supp

(
(0 ∶ℳ 𝑓2)

𝑓1(0 ∶ℳ 𝑓2)

)
=
⋃
𝑒

Supp

(
(0 ∶𝐿𝑒 𝑓2)

𝑓1(0 ∶ℳ 𝑓2) ∩ (0 ∶𝐿𝑒 𝑓2)

)
.

(5.0.1)

Since 𝐿 is finitely generated and is (𝑓1, 𝑓2)-torsion, there is an integer 𝑒0 such that

(1) 𝑓𝑝
𝑒0

1
𝐿 = 𝑓

𝑝𝑒0

2
𝐿 = 0,

(2) 𝑓1(0 ∶ℳ 𝑓2) ∩ (0 ∶𝐿 𝑓2) = 𝑓1(0 ∶𝐿𝑒0 𝑓2) ∩ (0 ∶𝐿 𝑓2), and
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 15 of 24

(3) 𝑓2(0 ∶ℳ 𝑓1) ∩ (0 ∶𝐿 𝑓1) = 𝑓2(0 ∶𝐿𝑒0 𝑓1) ∩ (0 ∶𝐿 𝑓1).

Note that 𝑓𝑝
𝑒0

1
𝐿 = 𝑓

𝑝𝑒0

2
𝐿 = 0 implies that

𝑓
𝑝𝑒0+𝑒

1
𝐿𝑒 = 𝑓

𝑝𝑒0+𝑒

2
𝐿𝑒 = 0 (5.0.2)

for each integer 𝑒 ⩾ 1.

Claim 3.

Supp

(
(0 ∶ℳ 𝑓1)

𝑓2(0 ∶ℳ 𝑓1)

)
∪ Supp

(
(0 ∶ℳ 𝑓2)

𝑓1(0 ∶ℳ 𝑓2)

)

= Supp

(
(0 ∶𝐿 𝑓1)

𝑓2(0 ∶ℳ 𝑓1) ∩ (0 ∶𝐿 𝑓1)

)
∪ Supp

(
(0 ∶𝐿𝑒0

𝑓1)

𝑓2(0 ∶ℳ 𝑓1) ∩ (0 ∶𝐿𝑒0
𝑓1)

)

∪ Supp

(
(0 ∶𝐿 𝑓2)

𝑓1(0 ∶ℳ 𝑓2) ∩ (0 ∶𝐿 𝑓2)

)
∪ Supp

(
(0 ∶𝐿𝑒0

𝑓2)

𝑓1(0 ∶ℳ 𝑓2) ∩ (0 ∶𝐿𝑒0
𝑓2)

)
.

The inclusion ⊇ follows from (5.0.1); it remains to show ⊆. To this end, assume that

∙ (0 ∶𝐿 𝑓1) ⊆ 𝑓2(0 ∶ℳ 𝑓1),
∙ (0 ∶𝐿𝑒0

𝑓1) ⊆ 𝑓2(0 ∶ℳ 𝑓1),
∙ (0 ∶𝐿 𝑓2) ⊆ 𝑓1(0 ∶ℳ 𝑓2), and
∙ (0 ∶𝐿𝑒0

𝑓2) ⊆ 𝑓1(0 ∶ℳ 𝑓2),

and we need to show (0 ∶ℳ 𝑓1) = 𝑓2(0 ∶ℳ 𝑓1) and (0 ∶ℳ 𝑓2) = 𝑓1(0 ∶ℳ 𝑓2).
Note it follows from our choice of 𝑒0 that (0 ∶𝐿 𝑓1) ⊆ 𝑓2(0 ∶𝐿𝑒0 𝑓1) and (0 ∶𝐿 𝑓2) ⊆ 𝑓1(0 ∶𝐿𝑒0

𝑓2).
Given the symmetry between 𝑓1 and 𝑓2, it suffices to show that (0 ∶ℳ 𝑓1) = 𝑓2(0 ∶ℳ 𝑓1).
Let 𝑧 ∈ (0 ∶ℳ 𝑓1) be an arbitrary nonzero element. Then 𝑧 ∈ (0 ∶𝐿𝑒 𝑓1) for an integer 𝑒 since

ℳ = ∪𝑒𝐿𝑒. It follows from (5.0.2) that 𝑓𝑝
𝑒0+𝑒

2
𝑧 = 0 since 𝑓𝑝

𝑒0+𝑒

2
𝐿𝑒 = 0. That is,

𝑧 ∈ (0 ∶𝐿𝑒 𝑓
𝑝𝑒0+𝑒

2
) ⊆ (0 ∶𝐿𝑒0+𝑒

𝑓
𝑝𝑒0+𝑒

2
) = 𝐅𝑒0+𝑒(0 ∶𝐿 𝑓2) ⊆ 𝐅

𝑒0+𝑒(𝑓1(0 ∶𝐿𝑒0
𝑓2)) = 𝑓

𝑝𝑒0+𝑒

1
(0 ∶𝐿2𝑒0+𝑒

𝑓
𝑒0+𝑒

2
)).

Hence, there is an 𝑦 ∈ (0 ∶𝐿2𝑒0+𝑒 𝑓
𝑒0+𝑒

2
)) such that 𝑧 = 𝑓𝑝

𝑒0+𝑒

1
𝑦 = 𝑓

𝑝𝑒0+𝑒−1

1
(𝑓1𝑦). Note that

𝑓
𝑝𝑒0+𝑒

1
(𝑓1𝑦) = 𝑓1𝑓

𝑝𝑒0+𝑒

1
𝑦 = 𝑓1𝑧 = 0

which implies that

𝑓1𝑦 ∈ (0 ∶𝐿2𝑒0+𝑒
𝑓
𝑝𝑒0+𝑒

1
) = 𝐅𝑒0+𝑒((0 ∶𝐿𝑒0

𝑓1)) ⊆ 𝐅
𝑒0+𝑒(𝑓2(0 ∶ℳ 𝑓1)) = 𝑓

𝑝𝑒0+𝑒

2
(0 ∶ℳ 𝑓

𝑝𝑒0+𝑒

1
).

Thus, there is a 𝑤 ∈ (0 ∶ℳ 𝑓
𝑝𝑒0+𝑒

1
) such that 𝑓1𝑦 = 𝑓

𝑝𝑒0+𝑒

2
𝑤. Set

𝑥 = 𝑓
𝑝𝑒0+𝑒−1

1
𝑓
𝑝𝑒0+𝑒−1

2
𝑤.
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16 of 24 GINTZ and ZHANG

Then

𝑓2𝑥 = 𝑓2𝑓
𝑝𝑒0+𝑒−1

2
𝑓
𝑝𝑒0+𝑒−1

1
𝑥 = 𝑓

𝑝𝑒0+𝑒−1

1
𝑓
𝑝𝑒0+𝑒

2
𝑤 = 𝑓

𝑝𝑒0+𝑒−1

1
𝑓1𝑦 = 𝑓

𝑝𝑒0+𝑒

1
𝑦 = 𝑧

and

𝑓1𝑥 = 𝑓1𝑓
𝑝𝑒0+𝑒−1

2
𝑓
𝑝𝑒0+𝑒−1

1
𝑤 = 𝑓

𝑝𝑒0+𝑒−1

2
𝑓
𝑝𝑒0+𝑒

1
𝑤 = 0

since 𝑓𝑝
𝑒0+𝑒

1
𝑤 = 0 by the choice of 𝑤. This proves that 𝑧 = 𝑓2𝑥 and 𝑥 ∈ (0 ∶ℳ 𝑓1); that is, 𝑧 ∈

𝑓2(0 ∶ℳ 𝑓1) and hence completes the proof of our Claim 3.

Note that Claim 3 implies Supp( (0∶ℳ𝑓1)
𝑓2(0∶ℳ𝑓1)

) ∪ Supp(
(0∶ℳ𝑓2)

𝑓1(0∶ℳ𝑓2)
) is Zariski-closed since both 𝐿 and

𝐿𝑒0 are finitely generated.
Combining our 3 claims completes the proof of our theorem. □

We now return to the general case when ℳ is an arbitrary 𝐹-finite 𝐹-module. Let Γ denote
Γ(𝑓1,𝑓2)(ℳ). The short exact sequence

0 → Γ →ℳ →ℳ∕Γ → 0

induces an exact sequence on Koszul cohomology

0 = 𝐻0(𝐾∙(𝑓;ℳ∕Γ(ℳ))) → 𝐻1(𝐾∙(𝑓; Γ)) → 𝐻1(𝐾∙(𝑓;ℳ)) → 𝐻1(𝐾∙(𝑓;ℳ∕Γ))
𝛿
�→ 𝐻2(𝐾∙(𝑓; Γ)).

(5.0.3)
The connecting morphism 𝛿 can be constructed as follows. Each element in 𝐻1(𝑓;ℳ∕Γ) can

be represented by a pair (𝑎, 𝑏) with −𝑓2𝑎 + 𝑓1𝑏 = 0 ∈ℳ∕Γ and 𝑎, 𝑏 ∈ℳ∕Γ; equivalently, each
element in𝐻1(𝑓;ℳ∕Γ) can be represented by a pair (𝑎, 𝑏) inℳ ⊕ℳ such that−𝑓2𝑎 + 𝑓1𝑏 ∈ Γ.
Then

𝛿(𝑎, 𝑏) = −𝑓2𝑎 + 𝑓1𝑏 ∈
Γ

(𝑓1, 𝑓2)Γ
≅ 𝐻2(𝐾∙(𝑓; Γ)).

Following notation in the proof of Lemma 5.2, we denote by 𝐿 a root ofℳ; that is, 𝐿 is a finitely
generated 𝑅-module with an injective 𝑅-module morphism 𝛽 ∶ 𝐿 → 𝐅(𝐿) that generatesℳ.

Lemma 5.3. Supp(ker(𝛿)) = Supp
(

(𝑓1ℳ∩𝐿∶𝐿𝑓2)

(𝑓1ℳ∩𝐿∶𝐿𝑓2)∩(∪𝑗⩾0((𝑓
𝑗+1
1

ℳ∩𝐿∶𝐿𝑓
𝑗
1
)))

)
. In particular, it is Zariski-

closed.

Proof. First we would like to prove that following claim.

Claim. Supp(ker(𝛿)) = Supp
(

(𝑓1ℳ∶ℳ𝑓2)

(𝑓1ℳ∶ℳ𝑓2)∩(∪𝑗(𝑓
𝑗+1
1

ℳ∶ℳ𝑓
𝑗
1
))

)
.

To prove our claim, we show that

ker(𝛿) = 0 ⇔ (𝑓1ℳ ∶ℳ 𝑓2) = (𝑓1ℳ ∶ℳ 𝑓2) ∩ (∪𝑗(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
)).
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 17 of 24

Each element in ker(𝛿) can be represented by (𝑎, 𝑏) with 𝑎, 𝑏 ∈ℳ such that 𝑓1𝑏 − 𝑓2𝑎 ∈
(𝑓1, 𝑓2)Γ. That is, there are 𝑢, 𝑣 ∈ Γ such that 𝑓2𝑏 − 𝑓1𝑎 = 𝑓1𝑢 + 𝑓2𝑣. By replacing 𝑎, 𝑏 with
𝑎 + 𝑢, 𝑏 − 𝑣 (which does not change the images of 𝑎, 𝑏 inℳ∕Γ), one can assume that 𝑓2𝑎 = 𝑓1𝑏.
Assume that ker(𝛿) = 0. Given each 𝑎 ∈ (𝑓1ℳ ∶ℳ 𝑓2), there is an element 𝑏 ∈ℳ such that

𝑓2𝑎 = 𝑓1𝑏 andhence (𝑎, 𝑏) produces an element inker(𝛿)which is zero by our assumption.Hence
there is an element 𝑐 ∈ℳ such that

(𝑓1𝑐, 𝑓2𝑐) = (𝑎, 𝑏) ∈ (ℳ∕Γ)
⊕2;

that is, there is an integer 𝑗 such that 𝑓𝑗
1
(𝑓1𝑐 − 𝑎) = 0 which implies that 𝑎 ∈ (𝑓

𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
).

This proves that (𝑓1ℳ ∶ℳ 𝑓2) = (𝑓1ℳ ∶ℳ 𝑓2) ∩ (∪𝑗(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
)).

On the other hand, assume that (𝑓1ℳ ∶ℳ 𝑓2) = (𝑓1ℳ ∶ℳ 𝑓2) ∩ (∪𝑗(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
)). Let

(𝑎, 𝑏) be an element in ker(𝛿). According to the discussion above, we can assume that 𝑓2𝑎 = 𝑓1𝑏
and hence 𝑎 ∈ (𝑓1ℳ ∶ℳ 𝑓2). It follows from the assumption that there is an integer 𝑗 such that
𝑓
𝑗

1
𝑎 = 𝑓

𝑗+1

1
𝑐. Then

𝑓
𝑗+1

1
(𝑓2𝑐 − 𝑏) = 𝑓2𝑓

𝑗+1

1
𝑎 − 𝑓

𝑗+1

1
𝑏 = 𝑓2𝑓

𝑗

1
𝑎 − 𝑓

𝑗+1

1
𝑏 = 𝑓

𝑗+1

1
𝑏 − 𝑓

𝑗+1

1
𝑏 = 0

and hence

(𝑓1𝑐, 𝑓2𝑐) = (𝑎, 𝑏) ∈ (ℳ∕Γ)
⊕2

which shows that (𝑎, 𝑏) = 0 ∈ 𝐻1(𝑓;ℳ∕Γ). This finishes the proof of our claim. □

It remains to show that

Supp

(
(𝑓1ℳ ∶ℳ 𝑓2)

(𝑓1ℳ ∶ℳ 𝑓2) ∩ (∪𝑗(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
))

)

= Supp

(
(𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2)

(𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2) ∩ (∪𝑗⩾0((𝑓
𝑗+1

1
ℳ ∩ 𝐿 ∶𝐿 𝑓

𝑗

1
)))

)

which is equivalent to proving

(𝑓1ℳ ∶ℳ 𝑓2) ⊆ ∪𝑗⩾0(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
) ⇔ (𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2) ⊆ ∪𝑗⩾0(𝑓

𝑗+1

1
ℳ ∩ 𝐿 ∶𝐿 𝑓

𝑗

1
).

We begin with the implication⇒. Assume that (𝑓1ℳ ∶ℳ 𝑓2) ⊆ ∪𝑗⩾0(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
). Let 𝑎 ∈

(𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2) be an arbitrary element. Then, as 𝐿 ⊆ℳ, there is an integer 𝑗 and element 𝑐 ∈
ℳ such that 𝑓𝑗

1
𝑎 = 𝑓

𝑗+1

1
𝑐. This shows that 𝑎 ∈ (𝑓𝑗+1

1
ℳ ∩ 𝐿 ∶𝐿 𝑓

𝑗

1
) since 𝑓𝑗

1
𝑎 = 𝑓

𝑗+1

1
𝑐 ∈ 𝑓

𝑗+1

1
ℳ ∩

𝐿. This proves the implication⇒.
We now prove the implication⇐. Assume that (𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2) ⊆ ∪𝑗⩾0(𝑓

𝑗+1

1
ℳ ∩ 𝐿 ∶𝐿 𝑓

𝑗

1
). Let

𝑎 ∈ (𝑓1ℳ ∶ℳ 𝑓2) be an arbitrary element. Then 𝑓2𝑎 = 𝑓1𝑏 for some element 𝑏 ∈ℳ. Sinceℳ =

∪𝑒⩾0𝐿𝑒, there is an integer 𝑒 such that 𝑎 ∈ 𝐿𝑒.
Apply the functor 𝐅𝑒(−) to (𝑓1ℳ ∩ 𝐿 ∶𝐿 𝑓2) ⊆ ∪𝑗⩾0(𝑓

𝑗+1

1
ℳ ∩ 𝐿 ∶𝐿 𝑓

𝑗

1
). Let 𝑎 ∈ (𝑓1ℳ ∶ℳ 𝑓2)

imply that
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18 of 24 GINTZ and ZHANG

(𝑓
𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓

𝑝𝑒

2
) ⊆ ∪𝑗⩾0(𝑓

(𝑗+1)𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓

𝑗𝑝𝑒

1
).

The equation 𝑓2𝑎 = 𝑓1𝑏 implies that 𝑓
𝑝𝑒

2
𝑓
𝑝𝑒−1

1
𝑎 = 𝑓

𝑝𝑒

1
𝑓
𝑝𝑒−1

2
𝑏 and hence

𝑓
𝑝𝑒−1

1
𝑎 ∈ (𝑓

𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓

𝑝𝑒

2
) ⊆ ∪𝑗⩾0(𝑓

(𝑗+1)𝑝𝑒

1
ℳ ∩ 𝐿𝑒 ∶𝐿𝑒 𝑓

𝑗𝑝𝑒

1
).

Therefore, there is an integer 𝓁 and element 𝑐 ∈ℳ such that

𝑓
(𝓁+1)𝑝𝑒−1
1

𝑎 = 𝑓
𝓁𝑝𝑒

1
𝑓
𝑝𝑒−1

1
𝑎 = 𝑓

(𝓁+1)𝑝𝑒

1
𝑐

which implies that

𝑎 ∈ (𝑓
(𝓁+1)𝑝𝑒

1
ℳ ∶ℳ 𝑓

(𝓁+1)𝑝𝑒−1
1

) ⊆ ∪𝑗⩾0(𝑓
𝑗+1

1
ℳ ∶ℳ 𝑓

𝑗

1
).

This proves the implication⇐ and hence finishes the proof of our lemma.

Proof of Theorem 5.1. It follows from the exact sequence (5.0.3) that

Supp(𝐻1(𝐾∙(𝑓1, 𝑓2;ℳ))) = Supp(𝐻
1(𝑓; Γ)) ∪ Supp(ker(𝛿)).

Combining Theorem 5.2 and Lemma 5.3 completes the proof. □

Combining Theorems 4.1 and 5.1, the following result is immediate:

Theorem 5.4. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝 and 𝑓1, 𝑓2 ∈ 𝑅 form a
regular sequence. Then, for every 𝐹-finite 𝐹-module, Supp(𝐻𝑖(𝐾∙(𝑓1, 𝑓2;ℳ)) is Zariski-closed for
each integer 𝑖.

6 THE SUPPORT OF 𝑬∙,∙∞ WHEN 𝒕 = 𝟐

In this section, we prove that the support of 𝐸𝑖,𝑗∞ is Zariski-closed for all integers 𝑖, 𝑗 and the main
theorem of this article: Theorem 6.5. Let𝑅 be aNoetherian commutative ring, 𝐼 = (g1, … , g𝑠) be an
ideal, and 𝑓1, 𝑓2 ∈ 𝑅 be a regular sequence. Then the Koszul (co)complex 𝐾∙(𝑓; 𝑅) and the Čech
complex 𝐶̌∙(g ; 𝑅) induce the double complex (2.0.1) introduced in Section 2. This double complex
induces a spectral sequence whose 𝐸∙,∙

2
-page is as follows:

𝐸
𝑖,𝑗

2
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻

𝑗

𝐼
(𝑅))) ⇒ 𝐻𝑖+𝑗(𝑇∙).

Note that when 𝑡 = 2 there is only one (potentially) nontrivial differential on the 𝐸2-page:

𝑑
0,𝑗

2
∶ 𝐸

0,𝑗

2
→ 𝐸

2,𝑗−1

2
.

Consequently

𝐸
1,𝑗
∞ = 𝐸

1,𝑗

2
, 𝐸

0,𝑗
∞ = 𝐸

0,𝑗

3
= ker(𝑑

0,𝑗

2
), 𝐸

2,𝑗
∞ = 𝐸

2,𝑗

3
= coker(𝑑

0,𝑗

2
). (6.0.1)
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KOSZUL COHOMOLOGY AND SUPPORT OF LOCAL COHOMOLOGYMODULES OF COMPLETE INTERSECTIONS 19 of 24

We have seen in Section 5 that the support of 𝐸1,𝑗
2
= 𝐻1(𝐾∙(𝑓1, 𝑓2;𝐻

𝑗

𝐼
(𝑅))) is Zariski-closed. It

remains to show that both Supp(ker(𝑑0,𝑗
2
)) and Supp(coker(𝑑0,𝑗

2
)) are Zariski-closed. To this end,

we begin with analyzing the construction of 𝑑0,𝑗
2
.

Remark 6.1. Wewould like to recall the construction of 𝑑0,𝑗
2
; the interested reader is referred to [18,

5.1.2] for more details. In order to cover the double complexes (2.0.1) and (3.0.4), we will consider
a first quadrant double complex formed by the Koszul co-complex 𝐾∙(𝑡; 𝑅) on two elements 𝑡1, 𝑡2
and a finite complex 𝐶∙ of 𝑅-modules (differentials in 𝐶∙ will be denoted by 𝑑∙

ℎ
):

(6.0.2)

Each element [𝜂] ∈ 𝐻0(𝐾∙(𝑡1, 𝑡2; 𝐻𝑗(𝐶∙)) is an element [𝜂] ∈ 𝐻𝑗(𝐶∙) such that (𝑡1[𝜂], 𝑡2[𝜂]) =
(0, 0) ∈ (𝐻𝑗(𝐶∙))⊕2; equivalently [𝜂] can be represented by element 𝜂 ∈ 𝐶𝑗 such that 𝑑𝑗

ℎ
(𝜂) = 0

and there are elements (𝛼1, 𝛼2) ∈ (𝐶𝑗−1)⊕2 such that

𝑑
𝑗−1

ℎ
(𝛼1) = 𝑡1𝜂 and 𝑑

𝑗−1

ℎ
(𝛼2) = 𝑡2𝜂.

Consider −𝑡2𝛼1 + 𝑡1𝛼2 ∈ 𝐶𝑗−1. Since

𝑑
𝑗−1

ℎ
(−𝑡2𝛼1 + 𝑡1𝛼2) = −𝑡2𝑑

𝑗−1

ℎ
(𝛼1) + 𝑡1𝑑

𝑗−1

ℎ
(𝛼2) = −𝑡2𝑡1𝜂 + 𝑡1𝑡2𝜂 = 0,

the element −𝑡2𝛼1 + 𝑡1𝛼2 ∈ 𝐶𝑗−1 represents an element [−𝑡2𝛼1 + 𝑡1𝛼2] ∈ 𝐻𝑗−1(𝐶∙). Then

𝑑
0,𝑗

2
([𝜂]) = [−𝑡2𝛼1 + 𝑡1𝛼2] ∈ 𝐸

2,𝑗−1

2
= 𝐻2(𝐾∙(𝑓1, 𝑓2;𝐻

𝑗−1(𝐶∙))) ≅
𝐻𝑗−1(𝐶∙)

(𝑡1, 𝑡2)𝐻
𝑗−1(𝐶∙)

.

For instance, the edgemap in the spectral sequence associated with the double complex (3.0.4)

𝜑
0,𝑗

2,𝑒
∶ 𝐻0(𝐾∙(𝑓

𝑝𝑒

1
, 𝑓
𝑝𝑒

2
; 𝐻𝑗(𝐶̌∙(g)𝑒)) → 𝐻

2(𝐾∙(𝑓
𝑝𝑒

1
, 𝑓
𝑝𝑒

2
; 𝐻𝑗−1(𝐶̌∙(g)𝑒))

can be described as follows. Each element [𝜂] ∈ 𝐻0(𝐾∙(𝑓𝑝
𝑒

1
, 𝑓
𝑝𝑒

2
; 𝐻𝑗(𝐶̌∙(g)𝑒)) is an element [𝜂] ∈

𝐻𝑗(𝐶̌∙(g)𝑒) such that (𝑓𝑝
𝑒

1
[𝜂], 𝑓

𝑝𝑒

2
[𝜂]) = (0, 0) ∈ (𝐻𝑗(𝐶̌∙(g)𝑒))

⊕2; equivalently [𝜂] can be repre-
sented by element 𝜂 ∈ 𝐶̌𝑗(g)𝑒 such that 𝛿𝑗(𝜂) = 0 and there are elements 𝛼1, 𝛼2 ∈ 𝐶̌𝑗−1(g)𝑒 such
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20 of 24 GINTZ and ZHANG

that

𝛿𝑗−1(𝛼1) = 𝑓
𝑝𝑒

1
𝜂 and 𝛿𝑗−1(𝛼2) = 𝑓

𝑝𝑒

2
𝜂.

Consider −𝑓𝑝
𝑒

2
𝛼1 + 𝑓

𝑝𝑒

1
𝛼2 ∈ 𝐶

𝑗−1
𝑒 . Since

𝛿𝑗−1(−𝑓𝑝
𝑒
2𝛼1 + 𝑓

𝑝𝑒

1
𝛼2) = −𝑓

𝑝𝑒

2
𝛿𝑗−1(𝛼1) + 𝑓

𝑝𝑒

1
𝛿𝑗−1(𝛼2) = −𝑓

𝑝𝑒

2
𝑓
𝑝𝑒

1
𝜂 + 𝑓

𝑝𝑒

1
𝑓
𝑝𝑒

2
𝜂 = 0

the element −𝑓𝑝
𝑒

2
𝛼1 + 𝑓

𝑝𝑒

1
𝛼2 ∈ 𝐶̌

𝑗−1(g) represents an element [−𝑓𝑝
𝑒

2
𝛼1 + 𝑓

𝑝𝑒

1
𝛼2] ∈ 𝐻

𝑗−1

𝐼
(𝑅).

Then

𝜑
0,𝑗

2,𝑒
([𝜂]) = [−𝑓

𝑝𝑒

2
𝛼1 + 𝑓

𝑝𝑒

1
𝛼2] ∈ 𝐻

2(𝐾∙(𝑓
𝑝𝑒

1
, 𝑓
𝑝𝑒

2
; 𝐻𝑗−1(𝐶̌∙𝑒 ))) ≅

𝐻𝑗−1(𝐶̌∙(g)𝑒)

(𝑓
𝑝𝑒

1
, 𝑓
𝑝𝑒

2
)𝐻𝑗−1(𝐶̌∙(g)𝑒)

. (6.0.3)

To ease notation, for the rest of this section we will denote the Čech complex 𝐶̌∙(g) by 𝐶̌∙ and
its 𝑒th truncation 𝐶̌∙(g)𝑒 by 𝐶̌∙𝑒 .
Recall that the double complex 𝐃0 induces the spectral sequence (3.0.5):

𝐸
𝑖,𝑗

2,0
∶= 𝐻𝑖(𝐾∙(𝑓;𝐻𝑗(𝐶̌∙0))) ⇒ 𝐻

𝑖+𝑗(𝑇∙0)

with the differentials

𝜑
𝑖,𝑗

2,0
∶ 𝐻0(𝐾∙(𝑓;𝐻𝑗(𝐶̌∙0))) → 𝐻

2(𝐾∙(𝑓;𝐻𝑗−1(𝐶̌∙0))).

Let 𝐾𝑗
0
⊆ ker(𝛿

𝑗

0
) ⊆ 𝐶̌

𝑗

0
be the submodule whose image in 𝐻𝑗(𝐶̌∙) is the kernel of 𝜑0,𝑗

2
, where 𝛿𝑗

0
denotes the 𝑗th differential in 𝐶̌∙

0
. Note that

(1) 𝐾𝑗
0
is a finitely generated 𝑅-module since 𝐶̌𝑗

0
is so;

(2) the image of 𝐻𝑗(𝐶̌∙
0
) in 𝐻𝑗

𝐼
(𝑅) is isomorphic to

ker(𝛿
𝑗
0
)

ker(𝛿
𝑗
0
)∩image(𝛿𝑗−1)

, where 𝛿𝑗 denotes the 𝑗th

differential in 𝐶̌∙; this is contained in (3.0.3).

First we treat Supp(𝐸0,𝑗∞ ) which is Supp(ker 𝑑0,𝑗
2
) (6.0.1) and we begin with the following

lemma.

Lemma 6.2. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝. Let 𝜑0,𝑗
2,𝑒

be defined as
in (6.0.3). Let 𝐾𝑗𝑒 be the submodule of ker(𝛿

𝑗
𝑒 ) ⊆ 𝐶̌

𝑗
𝑒 whose image in 𝐻𝑗(𝐶̌∙𝑒 ) is the kernel of 𝜑

0,𝑗

2,𝑒
. Let

𝜃 ∶ 𝐅𝑒(𝐶̌
𝑗

0
)
∼
�→ 𝐶̌

𝑗
𝑒 denote the isomorphism in Proposition 3.3. Then

𝜃(𝐅𝑒(𝐾
𝑗

0
)) = 𝐾

𝑗
𝑒 .

Proof. This follows from the commutative diagram below and the fact 𝑅(𝑒) is a faithfully flat 𝑅-
module.
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□

Theorem 6.3. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝 and let 𝐸∙,∙
2

be the 𝐸2-
page of the spectral sequence associatedwith the double complex (2.0.1). Then ker 𝑑0,𝑗

2
= 0 if and only

if 𝐾𝑗
0
⊆ image(𝛿𝑗−1); that is,

Supp(𝐸
0,𝑗
∞ ) = Supp(ker 𝑑

0,𝑗

2
) = Supp

(
𝐾
𝑗

0

𝐾
𝑗

0
∩ image(𝛿𝑗−1)

)
. (6.0.4)

In particular, Supp(𝐸0,𝑗∞ ) = Supp(ker 𝑑
0,𝑗

2
) is Zariski-closed.

Proof. The second statement follows from (6.0.4) since 𝐾𝑗
0
is finitely generated.

To complete the proof, it remains to show that ker 𝑑0,𝑗
2
= 0 if and only if 𝐾𝑗

0
⊆ image(𝛿𝑗−1).

Assume that 𝑑0,𝑗
2

is injective and [𝜂] ∈ 𝐾𝑗
0
. One needs to show that [𝜂] ∈ image(𝛿𝑗−1). Since

[𝜂] belongs to 𝐾𝑗
0
, its image in 𝐻𝑗(𝐶̌∙

0
) must belong in ker(𝜑0,𝑗

2,0
). It follows that the image of [𝜂]

in 𝐻𝑗
𝐼
(𝑅) must belong in ker(𝑑0,𝑗

2
). Since 𝑑0,𝑗

2
is injective, the image of [𝜂] in 𝐻𝑗

𝐼
(𝑅) must be [0],

which implies that [𝜂] ∈ image(𝛿𝑗−1). This proves the “if” statement.
Assume that 𝐾𝑗

0
⊆ image(𝛿𝑗−1); that is, if 𝜑0,𝑗

2,0
([𝜂]) = [0], then 𝜂 ∈ image(𝛿𝑗−1) (equivalently,

the image [𝜂] of 𝜂 in 𝐻𝑗
𝐼
(𝑅) is zero). Note it follows from Lemma 6.2 that

𝐾
𝑗
𝑒 ≅ 𝐅

𝑒(𝐾
𝑗

0
) ⊆ 𝐅𝑒(image(𝛿𝑗−1)) ≅ image(𝛿𝑗−1),

where the last isomorphism follows from the fact that 𝛿𝑗−1 is a differential in the Čech complex
and hence an 𝐹-module morphism.
Let [𝜏] be an element in ker(𝑑0,𝑗

2
), it remains to show that [𝜏] = [0] ∈ 𝐻𝑗

𝐼
(𝑅). Since [𝜏] ∈

ker(𝑑
0,𝑗

2
), there are elements 𝜏 ∈ 𝐶̌𝑗 and 𝛼1, 𝛼2 ∈ 𝐶̌𝑗−1 such that

𝛿𝑗−1(𝛼1) = 𝑓1𝜏, 𝛿
𝑗−1(𝛼2) = 𝑓2𝜏, and 𝑑

0,𝑗

2
([𝜏]) = [−𝑓2𝛼+𝑓1𝛼2] ∈ (𝑓1, 𝑓2)𝐻

𝑗−1

𝐼
(𝑅).

Since there are finitely many cohomology classes involved, there exists an integer 𝑒 such that
𝜏 ∈ 𝐶̌

𝑗
𝑒 , 𝛼1, 𝛼2 ∈ 𝐶̌

𝑗−1
𝑒 , and that 𝑑0,𝑗

2
([𝜏]) can be represented by an element in (𝑓1, 𝑓2)𝐻𝑗−1(𝐶̌∙𝑒 ).

We will fix one such 𝑒 and we consider the double complex (3.0.4) for this integer 𝑒. It follows
that

𝛿𝑗−1(𝑓
𝑝𝑒−1

1
𝛼1) = 𝑓

𝑝𝑒

1
𝜏 and 𝛿𝑗−1(𝑓

𝑝𝑒−1

2
𝛼2) = 𝑓

𝑝𝑒

2
𝜏.
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According to the description of the edge map (6.0.3) associated with the double complex (3.0.4):

𝜑
0,𝑗

2,𝑒
([𝜏]) = [−𝑓

𝑝𝑒

2
𝑓
𝑝𝑒−1

1
𝛼1 + 𝑓

𝑝𝑒

1
𝑓
𝑝𝑒−1

2
𝛼2]

= (𝑓
𝑝𝑒−1

1
𝑓
𝑝𝑒−1

2
)[−𝑓2𝛼+𝑓1𝛼2]

∈ (𝑓
𝑝𝑒−1

1
𝑓
𝑝𝑒−1

2
)(𝑓1, 𝑓2)𝐻

𝑗−1(𝐶̌∙𝑒 )

∈ (𝑓
𝑝𝑒

1
, 𝑓
𝑝𝑒

2
)𝐻𝑗−1(𝐶̌∙𝑒 ).

That is [𝜏] belongs in 𝐾𝑗𝑒 and consequently [𝜏] ∈ 𝐾
𝑗
𝑒 ⊆ image(𝛿

𝑗−1). Thus, the image of [𝜏] in
𝐻
𝑗

𝐼
(𝑅) is zero. This shows that, if 𝐾𝑗

0
⊆ image(𝛿𝑗−1), then 𝑑0,𝑗

2
is injective, which completes the

proof. □

Theorem 6.4. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝 and let 𝐸∙,∙
2

be the 𝐸2-
page of the spectral sequence associated with the double complex (2.0.1). Let 𝐻 ⊆ 𝐻𝑗−1

𝐼
(𝑅) be the

submodule generated by elements that can be represented by elements in 𝐶̌𝑗−1
0

. Let 𝐿 ⊆ 𝐻𝑗−1
𝐼
(𝑅) be

the submodule whose image in𝐻𝑗−1
𝐼
(𝑅)∕(𝑓1, 𝑓2)𝐻

𝑗−1

𝐼
(𝑅) is image(𝑑0,𝑗

2
). Then 𝑑0,𝑗

2
is surjective if and

only if𝐻 ⊆ 𝐿; that is,

Supp(𝐸
2,𝑗−1
∞ ) = Supp(coker 𝑑

0,𝑗

2
) = Supp

(
𝐻

𝐻 ∩ 𝐿

)
. (6.0.5)

In particular, Supp(𝐸2,𝑗−1∞ ) = Supp(coker 𝑑
0,𝑗

2
) is Zariski-closed.

Proof. Since 𝐻 is finitely generated (3.0.3), the Zariski-closedness follows from the “if and only
if” statement.
If 𝑑0,𝑗

2
is surjective, then 𝐿 = 𝐻𝑗−1

𝐼
(𝑅) and hence𝐻 ⊆ 𝐿.

Assume that 𝐻 ⊆ 𝐿. Then 𝐅𝑒(𝐻) ⊆ 𝐅𝑒(𝐿) for each 𝑒 since 𝐅 is an exact functor. Note that
𝐅𝑒(𝐻) is the submodule of𝐻𝑗−1

𝐼
(𝑅) generated by elements that can be represented by elements in

𝐶̌
𝑗−1
𝑒 and that 𝐅𝑒(𝐿) is the submodule of 𝐻𝑗−1

𝐼
(𝑅) whose image in 𝐻𝑗−1

𝐼
(𝑅)∕(𝑓

𝑝𝑒

1
, 𝑓
𝑝𝑒

2
)𝐻
𝑗−1

𝐼
(𝑅) is

image(𝜑
0,𝑗

2,𝑒
).

Let [𝜂] be an arbitrary element in𝐻𝑗−1
𝐼
(𝑅)∕(𝑓1, 𝑓2)𝐻

𝑗−1

𝐼
(𝑅). Pick an element 𝜂𝑒 in 𝐶̌

𝑗−1
𝑒 whose

image in 𝐻𝑗−1
𝐼
(𝑅)∕(𝑓1, 𝑓2)𝐻

𝑗−1

𝐼
(𝑅) is [𝜂]. Then [𝜂𝑒] ∈ 𝐻

𝑗−1

𝐼
(𝑅) belongs to 𝐅𝑒(𝐻). Hence [𝜂𝑒] ∈

𝐅𝑒(𝐿); that is, there are 𝜏𝑒 ∈ 𝐶̌
𝑗
𝑒 , 𝛼1,𝑒, 𝛼2,𝑒 ∈ 𝐶̌

𝑗−1
𝑒 and 𝛽1,𝑒, 𝛽2,𝑒 ∈ ker(𝛿

𝑗
𝑒 ) such that

𝛿
𝑗
𝑒 (𝜏𝑒) = 0, 𝛿

𝑗−1
𝑒 (𝛼1,𝑒) = 𝑓

𝑝𝑒

1
𝜏𝑒, 𝛿

𝑗−1
𝑒 (𝛼2,𝑒) = 𝑓

𝑝𝑒

2
𝜏𝑒

and that

[𝜂𝑒] = 𝜑
0,𝑗

2,𝑒
([𝜏𝑒])

= [−𝑓
𝑝𝑒

2
𝛼1,𝑒 + 𝑓

𝑝𝑒

1
𝛼2,𝑒] + 𝑓

𝑝𝑒

1
𝛽1,𝑒 + 𝑓

𝑝𝑒

2
𝛽2,𝑒

= [−𝑓2(𝑓
𝑝𝑒−1

2
𝛼1,𝑒) + 𝑓1(𝑓

𝑝𝑒−1

1
𝛼2,𝑒)] + 𝑓1(𝑓

𝑝𝑒−1

1
𝛽1,𝑒) + 𝑓2(𝑓

𝑝𝑒−1

2
𝛽2,𝑒).
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Set 𝜏̃ = 𝑓𝑝
𝑒−1

1
𝑓
𝑝𝑒−1

2
𝜏𝑒, 𝛼̃1 = 𝑓

𝑝𝑒−1

2
𝛼1,𝑒 and 𝛼̃2 = 𝑓

𝑝𝑒−1

1
𝛼2,𝑒. Then

𝛿
𝑗
𝑒 (𝜏̃) = 0, 𝛿

𝑗−1
𝑒 (𝛼̃1) = 𝑓1𝜏̃, 𝛿

𝑗−1
𝑒 (𝛼̃2) = 𝑓2𝜏̃

and

[𝜂𝑒] = [−𝑓2(𝑓
𝑝𝑒−1

2
𝛼1,𝑒) + 𝑓1(𝑓

𝑝𝑒−1

1
𝛼2,𝑒)] + 𝑓1(𝑓

𝑝𝑒−1

1
𝛽1,𝑒) + 𝑓2(𝑓

𝑝𝑒−1

2
𝛽2,𝑒)

= [−𝑓2𝛼̃1 + 𝑓1𝛼̃2] + 𝑓1(𝑓
𝑝𝑒−1

1
𝛽1,𝑒) + 𝑓2(𝑓

𝑝𝑒−1

2
𝛽2,𝑒)

= 𝑑
0,𝑗

2
(𝜏̃).

This proves that [𝜂𝑒] is in the image of 𝑑
0,𝑗

2
. This completes the proof. □

Combining Theorems 2.4, 5.4, 6.3, and 6.4, the following theorem is immediate:

Theorem 6.5. Let 𝑅 be a Noetherian regular ring of prime characteristic 𝑝. If 𝑓1, 𝑓2 ∈ 𝑅 form a
regular sequence in 𝑅, then

Supp

(
𝐻
𝑗

𝐼

(
𝑅

(𝑓1, 𝑓2)

))
is Zariski-closed for each ideal 𝐼 and each integer 𝑗.

The following corollary is immediate.

Corollary 6.6. Let 𝑅 be a Noetherian commutative ring of prime characteristic 𝑝 that has finitely
many isolated singular points. Let 𝑓1, 𝑓2 ∈ 𝑅 be a regular sequence. Then𝐻

𝑗

𝐼
(𝑅∕(𝑓1, 𝑓2)) is Zariski-

closed for each integer 𝑗 and each ideal 𝐼.

ACKNOWLEDGMENTS
The authors thank the referee for carefully reading the article and for their helpful comments.
The authors acknowledge support from NSF through Grant DMS-1752081.

JOURNAL INFORMATION
The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES
1. B. Bhatt,M. Blickle, G. Lyubeznik, A. K. Singh, andW. Zhang, Local cohomologymodules of a smoothℤ-algebra

have finitely many associated primes, Invent. Math. 197 (2014), no. 3, 509–519.
2. M. Brodman, C. Rotthaus, and R. Y. Sharp,On annihilators and associated primes of local cohomologymodules,

J. Pure Appl. Algebra 153 (2000), no. 3, 197–227.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70466 by U

niversity O
f Illinois, W

iley O
nline L

ibrary on [07/05/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



24 of 24 GINTZ and ZHANG

3. A. Grothendieck, Cohomologie locale des faisceaux cohérents et th’eorèmes de Lefschetz locaux et globaux (SGA
2), Séminaire de Géométrie Algébrique du Bois Marie, 1962.

4. M. Hellus, On the set of associated primes of a local cohomology module, J. Algebra 237 (2001), no. 1, 406–419.
5. M. Hochster and L. Núñez-Betancourt, Support of local cohomology modules over hypersufaces and rings with

FFRT, Math. Res. Lett. 24 (2017), 401–420.
6. C. L. Huneke, Problems on local cohomology, Free resolutions in commutative algebra and algebraic geometry

(Sundance, UT, 1990), Res. Notes Math., vol. 2, Jones and Bartlett, Boston, MA, 1992, pp. 93–108.
7. C. Huneke, D. Katz, and T. Marley, On the support of local cohomology, J. Algebra 322 (2009), 3194–3211.
8. C. Huneke and R. Y. Sharp, Bass numbers of local cohomology modules, Trans. Amer. Math. Soc. 339 (1993), no.

2, 765–779.
9. M. Katzman, An example of an infinite set of associated primes of a local cohomology module, J. Algebra 252

(2002), no. 1, 161–166.
10. M. Katzman and W. Zhang, The support of local cohomology modules, Int. Math. Res. Not. IMRN (2018), no.

23, 7137–7155.
11. K. Khashyarmanesh and S. Salarian,On the associated primes of local cohomology modules, Comm. Algebra 27

(1999), 6191–6198.
12. E. Kunz, Characterizations of regular local rings of characteristic 𝑝, Amer. J. Math. 91 (1969), 772–784.
13. G. Lyubeznik, Finiteness properties of local cohomology modules (an application of 𝐷-modules to commutative

algebra), Invent. Math. 113 (1993), no. 1, 41–55.
14. G. Lyubeznik, 𝐹-modules: applications to local cohomology and 𝐷-modules in characteristic 𝑝 > 0, J. Reine

Angew. Math. 491 (1997), 65–130.
15. G. Lyubeznik, Finiteness properties of local cohomology modules for regular local rings of mixed characteristic:

the unramified case, Special issue in honor of Robin Hartshorne, Comm. Algebra 28 (2000), no. 12, 5867–5882.
16. A. K. Singh, 𝑝-Torsion elements in local cohomology modules, Math. Res. Lett. 7 (2000), 165–176.
17. A. K. Singh and I. Swanson,Associated primes of local cohomology modules and of Frobenius powers, Int. Math.

Res. Not. 2004 (2004), no. 33, 1703–1733.
18. C. Weibel, An introduction to homological algebra, Cambridge Stud. Adv. Math. 38 (1994), xiv+450.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70466 by U

niversity O
f Illinois, W

iley O
nline L

ibrary on [07/05/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense


	Koszul cohomology and support of local cohomology modules of complete intersections
	Abstract
	1 | INTRODUCTION
	2 | A KOSZUL-ECH DOUBLE COMPLEX AND RELATED SPECTRAL SEQUENCES
	3 | TRUNCATED &#x010C;ECH COMPLEXES
	4 | KOSZUL COHOMOLOGY OF -FINITE -MODULES
	5 | REGULAR SEQUENCES OF LENGTH 2
	6 | THE SUPPORT OF WHEN 
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	REFERENCES


